Complex Numbers

Third Level] ?@x ﬂeﬁ.

Lecture One

The aim of the lecture is to familiarize the student with the following:
1- Concept of Complex Numbers

2- Geometric Represention of Comptex Numbers

Mustafa Ibrahim Hameed



COMPLEX ANALYSIS FORMULA SHEET

Real number representation

Real number represent graphically in one dimension ( either horizontal or
vertical) as shown.

Due to Quadratic Algebric Equation ;

ax’+bx+C=0 J

The solution with be x; and x, . The square root of (Vb2 — 4ac ) may be ( posative ,

negative or zero )

The negative value will be expressed as ( complex number)




Complex Numbers represent by:

1. Rectangular coordinate representation

z=x+iy = as a point with (x ,y)
T
x and y are real numbers.

x are the FEaIIpaRIof z 2~ Re(® |:> z = Re(2) + Im(2).i
y are the imaginary partof z = y = Im(2)

Argand Plane or Complex Plane
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2. Polar coordinate representation

z =re'? specified by (r,0)
z = r[cosO + isinf] specified by (r,8) known as Euler's formula
Z =126
7 =120 |

4----“

e Length of z
° AmplltUdeZ z| = [ x2 _|_y2 =7r
e Modulus =z

Absolute value

r isthe " radius of circle " centered  at orign.



0 iscalled 'angle ™ or, "™ argument' or 'phase " represent the direction of Z and can be
evaluated by :

1.y
6 =tan™" (=
an"(-)

forﬂmqm‘dranf for second quadrant x<0,¥y=0 j: x>0,¥+0
arg(z) = arctan %+ 7T arg(z) = arctan ‘Ty
0<9<2 ;}S&S.T T r— 3T _ 7
~] g * —\5 4 4
z=1+1F
arg(z) e T
for third quadrant for fourth quadrant
-1 4 z=1-F
x<0,v<=0 x=0,v+0
-1<6<0 arg(z) = arctan = — 7r arg(z) = arctan 5
.z(&ﬂ—% T 3o _ o
4 4 4
Complex conjugate of z

Represented by z or z*

Z=x—1ly = asapoint with (x ,—y)




Imt_xg-i.nary
A z=x+iy S Im
Vir--—-- , :
I =rx 4+ =+
r/ ) _Z Ky x=a+bi
: Ly i
@ :
ol X » Re - ¥ X y feal Azis
; S0 2
r ! " z | le —
_y _____ i —j} _______
Z=x—Iiy Z=x-ly
. x*=a-bi  “|maginaryReflection”
Inflection of z
—z=—-x—1y = asapoint with (—x ,—y)

Absolute value of z
Also called ,e Lengthof z

e Amplitude z
e Modulus z Iz =Jx2 +y2 =71

r is the " radius of circle™

centered at (x ,¥).



LT
Z=X+yi
y Uni'Chlc
2i+ ; lzl =1
Izl
F |y| 03d]
-+ 0 + x] . + + 0y <5 0] o5 03
e 1z1% = x2+ iy 2 osi
DLJ*I”IGC]OI”QGI’I
A B
theorem
.Jid
=+ Distance between z; and z,
Represented by |z, — z,| and given by : 71 — 7] = (1 — %)% + (y1 — ¥2)?

%+ Power of z

Or , 7N = pne(ind) (cosB + isinB)" = cos(nB) + isin(nh)




PASCAL TRIANGLE

(a+b) =1
(a+b)'=a+b
(a + b)? = a? + 2ab + b?

(a +b)®=a3+3a%b+3ab*+b ....... etc
4+ Roots of z
7/ = '/ [cos ( 9+rzlkn ) + isin( 9+zkn ) ] , k=0,1,2,3,....,(n-1)

Zy,Z1,Z5 ... therootsof z




) 3 pualaall

Examples
1. Verify

a) (V2—1)—i(1-+2i) =-2i

) () +(F) =%

1+2i 3+4i 2—-i -5i
*

=343+ 4i T 51 s

_3+4i+6i—-8 10 -2
B 25 25 5§
c 5 _ 1,
) A-D2-DG-1) 2"
5 B 5 B 5 5 =i
(1-)R2-)@B-i) (@1-3)@B-i) 3—-i—9i—3 -10i 2i2
=+ sincei? = -1
= ésmcel =
. . 1 1
2 smpity (7))
Solution:
( 1 )( 1 ) 1 1 541 541 541
= —_ E3 = =
2—-3i/\1+i/ 243-3i4+2i 5—i 5+i 25—-1 24
_5+1
24" 24"

Question : Express X,Y, and |z|? in terms of Re(z) and Im(z)

Solution:



Add (1) and (2) ,

_ Z+z
Zz+zZ=2x=|X=Re(z) = 5
Now, subtract (1) and (2),
z=x+1iy
Z=x—1y
zZ—2Z
z—z=2yi=|Y =Im(z) = 57

12|12 = zz* = [x? + y?|= (Re(z))2 + (Im(z))2

Example: Simplify

—1+3i 24 .
*k = —
2 i 5 '

Basic of algebraic properties of z, verify a few algebraic properties of z.
1. The commutative laws.
Zl i Zz - ZZ i Zl' lez - ZZZI

2. The associative laws

(21 +23) + 23 = 2y + (25 + 23), (2123)23 = 2,(2,23)
Now,

1 1\ /1
— = (—)(—), (zy #0,z, # 0,22z, # 0)

Z1/ \Zy

zZ1+2,

=242 4 :(é)(?)» (z3 # 0,24 # 0,23,24 # 0)

Z3 Z3 Z3 Z Zy Z3 4



Absolute value of Z

With that interpretation in mind, we introduce the length , amplitude , absolute
value or modulus of the complex number its the length when thinking of it as a
vector :

If z=x+iy then |Z|=\/X2+y2

|z| is the distance between the point (x, y) and the origin.

Question : what are the main difference between the absolute value of
real numbers and complex numbers.

2] = Jx? +
|z, — z,| = is the distance between the points representing the complex numbers z, a
. When y = 0, |z| = x usual absolute value in the real numbers system. from the
point(x,, y,) to the point (x4, y,).

Example:
Compute the absolute value for each of the complex numbers: z, =14+ 2i ,z, = —

Solution: — -
zZi=x,+iy, >z, =1+ 2i = |z] =vV1+4+4 =5z,
|z, =V9+1 =10

lz,|=V5=2  |z|=V10=3

The distance between the points representing the complex numbers z,and z,

zZy — Zp| = \/(x1 — %)%+ (1 — ¥2)?

3


https://www.intmath.com/complex-numbers/6-products-quotients.php

Example: Ifz, =1+1i,z, = 2 — 3i, find |z, — z,|

Solution:

|2y — 2, =\ (1 — x2)% + (y1 — ¥,)?
=JA-22+ 1 +3?2 =12+ 4 =17

Geometric Representation of z

1- Reflection on the real axis.

A (x,v)
Z=x+1iy
Z=x—1y
\ ~\~~\ X
- > \\\\\
Reflection “ Z plane
2- Rotation of z
If z is non-zero then iz 4
> (x.y)
z=x+1y m/2+60 | 2
iz=1Iix—Yy
X
pT/2ipi0 — pi(6+1/2) \/ 0 R
3- Inflection of z , 1 x,y)
z=x+1y / X
—Z=—X—1y >
(—x,—y




Operations

4- Translation of z
z=x+1iy
w=1l+4+z=1+x+1iy | >

w-nlane

Operations in a comlpex plane
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Cartesian Coordinates
z=x+1iy
It is natural to associate the complex number z = x + iy with a point in the

plane whose carteian coordinates are x and y.

a) The number 2 + i isrepresented by the point (2,1).

b) The number z can also be thought of as the directed line segment, or vector,
from the origin to the point (x, y).
Question: How can one represent the complex number?
Complex number may be represented either by a point in the plane, or as a
vector starting from 0 to (x, y).

a) It also corresponds to a vector with those coordinates as its components.

Question : Represent vectorially z; + z,




Complex Numbers

NOTE: The addition of (z; +2z;) is geometrically represented by the
parallelogram Law.

Exercises

1. Locate the numbers z, + z, and z, — z, vectorially, when:
a) z, =21, z,==—1

b) z, = (—V3,1), z, = (¥/3,0)

C) Z1 = (_311)! Z; = (114)

d) zy =x; + iy, z, =%, — iy,

wll\)

Solution
a) z, =2i z, = 2i
2 . 2 .
zZi+ 2z, =11 7 —2Z,=—>+ 3i

b) z, = (—=¥3,1), z, = (V3;0)

z, =3 Fz, = FV3+0i
Z+ 2z, = Zl—ZZ=—2\/3+i

c) z, =(-31), z, =(1,4)

Z, =1+ 4i +z, = +1+4i
Zl+ZZ=_2+5l Zl_Z2=_4_3L
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d)
Zl=x1+iy1 Z1=x1+iy1
Zz == x1 - I’yl $Z2 == ¢xl i 13’1
Zl + ZZ = 2x1 Zl - Z2 == 2ly1

Question: Show that the complex numbers corresponding to the points on the
circle with center (0,1) and radius 3, satisfy the equation |z —1| =3 and

conversely. Or/ we refer to the set of points simply as the circle |z — i| = 3
z=x+1iy

lz—i|l=|x+iy—i|l=|x+i(y—1)] =3

= /x2 + (y — 1)2 = 3 = Circle of radius 3 centered at (0, 1)
Question: Plot |z —i| =3,if z=2+3i,
12+3i—i|=3

12+2i|=3=+22+22=4

Absolute Value
+ |z12;| = |11z
& Al ==l
Zy - |z

Conjugate of complex numbers :

# sum of the conjugate  z; +z, =2 + 2
# Subtraction of the conjugate z; =z, =2 — 7
# Multiplication of the conjugate z;z, = 7 Z

1

# Division of the conjugate (Z—) =

Zy



Complex Numbers

2. Show that

a) z+3i=z-3i
b)iz=-iz

C) (2+i)2 _1

3—-4i

2] - a5

Solution:

d)

a) z+ 3i =z—3i, or since =7Z

(x+iy)+3i=@x—iy)+3i=x—iy)+3i=(x+iy)—3i=z—3i

b) iz

iz=—iz

(2+i)?
0 Gy =1

2 +0)? _3+4_3-4_
3—4i  3—4i 3—4i
d) [(2Z+ 5)(V2 — )| = V3|22 + 5], since ||z12,| = |21]|2;]|

LH.S
|2z +5) (V2 — )| =12z + 5)I|(V2 = )|

VZ-i = [(V2) + (-2 =VZF T =3

(27 +5)| = |(2G + iy) +5)| = 12(x — iy) + 5)| = |(2x — 2iy + 5)| =

2% +5) — 2iy)| = /(Zx + 5)2 + (2y)?
|((2x + 5) — 2iy)| =/ (2x + 5)2 + (2y) 2] = 2+ 52
= 4x2 + 20x + 25 + 4y?

R.H.S

V3|2z + 5| = V3|(2x + 2iy + 5)| = V3|(2x + 5) + 2iy]|
=3/ (2x + 5)2 + (2y)?
L.HS=R.H.S

5
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Polar Form or Trigonometric Form of a Complex Number

A complex number z, when written as

z=x+1iy or, Z=x+]jy K Z=x+iy
Is said to be expressed in rectangular form ¢4 F----- |
,also known as Cartesian coordinates . y |zl =27 |
1
But is also may be expressed in polar form l 9 !
> X
z=1s6 0 e— , —

Geometrically, |z| is the distance of the point from the origin r or can be
represent by (A) .The number r ( or A) is the length (or amplitude, modulus of the

vector representing z; that is,

r=|z||=yx2+y2=+zz (r=0), 9=tan‘1(§)

Conjugate of a Complex Numiber

The conjugate z* or z of a complex number z is obtained by changing the

sign of the imaginary part of the number.

Conjugate of z = z* = Re{z} —ilm{z} =r. — 6

Now mathematical operation of complex number :
1. Addition z; +2z, = (x; +x,) +i(y, +¥,)
2. Subtraction z; —z, = (x; —x3) +i(y; — V)
3. Multiplication z;z, = (ry1,)4(61 + 6,)

4. Division i—l —
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5. Reciprocali=14—9
Z r
6. Square root vz =+rz 9/2

7. Complex conjugate z* = x — jy = rs2—6

+90° = +y/—1 = +j = 12 +90° = 0 +j1
—90° = —/—1=—j=12-90°=0—/1
F180° = (V=1 )2=-1=12F180°=—1+,0

Converting Polar Form into Rectangular Form, (P—R)

(From Polar form to Rectangular form)
6230° = x + jy
However,
x = Acosf ,y = Asin6
Therefore,
6£30° = (6cosB) + j(6sinh)
=(6cos6) + j(6sinb)

=(6c0s30°) + j(6sin30°)

=(6 X 0.866) + j(6 X 0.5)

Converting Rectangular Form into Polar Form (R—P)
(From Rectangular form to_Polar form)

(5.2 +j3) = A0
Where A=+5.22+32=6 and 0 = tan‘153—2= 30°

Hence , (5.2 +j3) =6£30°
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Multiplication in Polar Form
Z1Z, = (A142)2(6, + 0)
Multiplying together 6 ~30° and 8 z—45° in polar form gives us:
Z1Zy = (6x8)2(30° + (—45°)) =482-15°

Division in Polar Form

Z A
—1 = (—1>L01 —02

Z, \A
Z1 _ (9) £30° — (—45°) = 0.75275°
Z, \8 '
Polar Coordinates

Let » and 6 be polar coordinates of the point (x,y) corresponding to a
nonzero complex number z = x + iy

Since, x=rcosf ,y=rsinf

z=7r(cosO +isinB)|,  polar form of number z
For example,
] T . (M\] -7 - —Tr
14+i=+2 [COS (Z) + isin (Z)] =42 [COS (T) + isin (T)]

The number 6 is called an argument of z, (also called, ' phase ' and ' angle")

@ is the directed angle measured from the positive

>

x-axis to a point p and called (argument of z) and is - z=x+1y

denoted by : arg ; 6 =argz T (x,y,

Hence the angles will be measured in radian and VAL
positioned in the counterclockwise sense./tan 8 = Z NI o

X
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Important identity
1. arg(z,z,) = arg(z;) + arg(z,)
2. arg(z,/z,) = arg(z,) — arg(z,)

Question : Find the value of (iz )

iz= (1) [cos§+ ising] r(cosf + isinf)
]

iz=r[cos(9+g)+isin(9+%)]

iz has an important applications in Optics i.e. (circular polarization).
Example:
0, =arg(l1+i) ,0, =arg(—1—i)= tanf; =tanf, =1...PLOTH

Question : Use Cartesian coordinate system representation of z , simplified the
multiplication of two different complex numbers.

2125 = (%1 + iy2) (0 + iy2) = (1% = y1¥2) +i0nx +y261) | 2,7,

1+i)(24+3i)=2+5i—3=—-1+5i Zy
Z1Zy

zy =1+ ->x =1y =1 rn=v2, 6; =45°, Z

_13 o O
tan™" - or 0, = 56.31°, °
“ ZZ
For the final results —1 + 5i, will be '
212y

r=51 ,0 =tan"! —2 8 =101.31°

v
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The polar formis  z=1r(cosf + isinf) ,

Where [e?® = (cos8 +isin0)|, is Euler’s formula , and

exponential function)

NOTE:

(1) z42, = 7”1T23i(91+92)

(2) = e

e®(complex

Question : Relate trigonometric function with complex exponential function

d88a0) A AN ) gal) g AaBal) Auu) ) gall (s Jas N

Proof: e % = cosf —isinf

e =cos@ +isinf ..(1)

e % =cosf —isinh ..(2)

elfo—ib

Adding (1) and (2) : e +e7% =2cosf = |cosh = .

subtracting (1) and (2)
e'® = cos@ +isin6
1
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Powers of complex numbers

z" = "] (n=0,41,42,..) ,where (e?®)" = i

~-

Or |(cos@ +isinf)" = cosnf + isinnb = cos¢ + ising
(n=0,%41,+2,...) (de Moivre's theorem!!)

Where |¢p = n6

Roots of complex number z

k=012,..,n—-1

11 0+2kmr . 0+ 2knm
Zn=rn[cosT+lsmT],

Example
1. Solve the equation z3 + 1 = 0, or in other words

1
2. Find z for the equation z = (—1)3
3. Find the third roots(ONLY) of the equation z3 + 1 = 0

Solution

1
z3=—-1,=(-1)3,
x=-1y=0r=x?+y?=>r=1

9=tan_1(§)=> 0=nm, n=3 k=012
n+2(0)w .. n+2(0)1'r]

15t root |k = 0], z; = (1) [cos — +isin
1
= 5 + i0.866 = 0.5 + i0.866

2" root [k = 1]

T+2n @ w+2n
zz=[cos +isin ]

3
=cosm+isint =—-1+40i

37 root[k = 2]

m+4nr w4+ 4n
zgz[cos +1Ssin 3 ]
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5@ 5m _
= cos? + Lsm? = 0.5 — 0.866i
The 3% root k =2was (0.5 ,—0.866)

Examples
1. Find one value of arg( z) when
— l 6
a)z = ) b) z = -, c) z=(V3—-i
e )T ) 2= )
Solution:
) ~2 -2 1-iv3  (=2)(1-+3i)
d) 2 =————— , =
1+iV3 1+iV3 1-iV3 1+3
_=242V3i 11 5.
=— =y tyV3
x= o 0.5
X = E_ ) 1 VP‘_
1 Y (/23
y=E\/§=0.866:>9=arg(z)=tan 1(;)ztan 1( ; )
6 =tan"! (—V/3) = [0 = —60],6 = 180° — 60° = 120°
b [
)—z—Zi'
i i 2420 i(-242)
= *k =
—z—=2i —-2-2i =242 8
i —2i+2
—z—-2i 8
i 1-i 1 1
—z-2i 4 4 4'
_1 __1 — -1 1/4 — -17__ — o o__£=3_n
X=2,y= Z=>9—tan (/ )—tan (—1) = —45° = 315° = =
6
c) Z=(\/§—i)
x =43
— — —12_ —1_1 —— o
y=-1, 0 = tan (x)—tan (\/§> 30
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nb =60 =-30°%6=—180°=360°— 180° =
2. Use the polar form to show that
a) i(1—-iV3)(V3+i)=2+i2V3;
b) 5i(2+1i) =1+ 2i;
c) (—1+4i)’ =-8(1+1i);

d) (1+iV3) " =271(=1+iv3).

Solution
a) i(1-iV3)=i—-i?3=V3+i
x =3
1
— — -1 __
y=+1, 6 = tan <\/§>

LHS (V3+i)(V3+i)=3-1+2V3i=2+2V3i
b) 5i/(2+1i)
5i _ 50 2-i _(5(1+2i)_
2410 2+ 441 5
c) (-1+i)’ =-8(1+1i)

LHS (—1+i)’
x=-1

y=1 6=tan" (%) = 6 = tan"'(-1) =,60 = —45°,

1+2i

Then 6 = 180° — 45° = 135° . Or, 6 = il
” 3z 21
=  — = —
2~ "
.21 2 TT.
el.TTL' — ezl

y = -8, 0 =tan (1) =6 =%
6 = 45° + 180° = 225°

o,§="4+7 , =52
4 4
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Roots: i, (1 ++/3)/2

1
d)8s
1 1
z =86 = z% — 8 = 0,|8s = 0.1666 | using scientific calculator

x:8}=>r=8and

y=0
n=6 |[k=01234567
17 0+42(00m . /0+2(0)r _
wy = z6 = 1|cos (T) + isin (T)] = 1.414[1 + 0i] wy = 1.414

0+ 2m . (0+2m )
cos( e )+ 1sm( z ) = 1.414[0.5 + 0.866i],

S
o
Il
N
=
Il
—_

L = 60°
wy = 0.707 + 1.225i

1 0+4n . (0+4m )
w2=z6=1( G )+l$LTl( G )=1.414[—0.5+0.866l],

L =120°
w, = —0.707 + 1.225i

0+ 6n . (0+6r .
cos( 5 )+lSlTl< 5 )=1.414[—1+01], wg = —1.414

=TT

o\
Il
=y

0+ 8m . (0+8m ) .
Wy = Z cos ( ) + lsm< 6 ) = 1.414[—0.5 — 0.866i], w, = —0.707 — 1.225i

]
0+10m . (0+ 107 _ .
cos ( ‘ ) + lsm< c ) = 1.414[0.5 — 0.8661], ws = 0.707 — 1.225i

T

wu1
I
N
[N
I
[Un

1
wg = 75 = 1|cos (°+;2") +isin (‘”;2”) = 1.414[1 + 0i],

2m=360°
we = 1.414

=420°
= 1.414[0.5 + 0.866],
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Roots are then,
i\/z(1 + i\/§),(—1 +iV3)

V2 V2
Examples
4. Find a value of arg z when z; # 0 and z, # 0;
a) z == b) z=2z"(n=12,..) c) z=2z1
% )2, s
Solution :
a) 7 = Z1 _ riet? _ (ﬂ) el(61-62)
Zy 2 Ty

Since,| arg(z) = arg(z,) — arg(z,)
b) z=2z"(n=1,2,...)

z =1r"e™ = r"[cos(nh) + sin(nf)] = argz" = nargz,

C) z=z1 = r7te7:, argz?

5. Find four roots of the equation z* + 4 = 0 and use them to factor z* + 4 into
quadratic factors with real coefficient.

z'+4=0= (z2+20)(z2-20)=0

- - al‘gzl

1
z24+2i=0 = z%2=-2i, z = (—2i)2

1
or, z2—2i=0 = z%=2i, z=(2i)?

1
z = (—2i)2
1 Compute the solution
z = (2i0)2
Roots
Oor,z*+4=0

z¥424+2z242-2z=0
z¥4+224+240—-224+2=0
z¥ 4224722 42—-22°4+40-224+2=0

9
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(2> +2z+2)(z2-2z+2)=0

(z2+2z+2)or (z2—2z+2) =0 then complete the solution.

Example:
Letz, = 2 4+ 3iand z, = 4 + 5i, Find (in the form x + iy):

a) 712,

b) (z; +2,)?,
c) 1/z,

d) z,/z,.

Solution:
2,2, = (2+30)(4—5i) =8+42i+15=23+2i
(212,)% = (23 +2)2 =232+ 2(23)(2)i — 4 = -
zy =2+ 3i
Z, =4 —5i
Z1+2z, =6—2i
(zy 4+ 2,)% = (6 —20)2 =36 — 24i — 4 = 32 — 24i

1 2-3i 2-3i 2-3i 1 3
T 2430 2-3i 4+9 16 8 16
z; 4450 (2+30)(4+50) —7 + 22i
T 4-5i 4+5 16+ 25 41
7 22
“ At

10
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The mathematical representation of wave is given by y = Aei(kx—wt)

Find the intensity I .
Solution:

1. Wave Equation

Z=y
r = A = amplitude
z=re| = |0 =angle (or phase.) = (kx — wt)
In PHYSICS
0 is called (PHASE )

since, |zz* = |z|?> = r?| in mathematics

yy* =y~ =|y|* = A%| in physics

ie.  yy*=|y|? = Aelkx—Wb) 4 go—ilkx-wi)
Since ,
Aei(kx—wt) * Ae—i(RX—Wt) _ AZei(kx—wt)—i(kx—wt) — 420
ly|? = 4% « (1) = 4°

= |y|?= I=A?

Activity : Find y; + y,, Y, — V5, ¥1V2, |V1 — ¥, | for wave of the same phase of
different amplitude.
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y =Alei(k1x1—w1t1)
y =A,ellkpxy=wyts)
v +y, =A; Kixi—oity) 4 A, eilkaxp—wty)

for wave of the same phase of different amplitude,

(k131 — w1ty) = (kax; — wyty) = (kx — wt)

Then,
y, = Alei(kx—wt)
y, = Azei(kx—wt)
y+y, = (A, +43) [cos(kx — wt) + i sin (kx — wt)]
i +y, = (4, +43) [cos(kx — wt) + i sin (kx — wt)]
lys + y2| = (Al + Az)
For,¥1 — Y2
yi—v: = (A; — A2) [cos (kx — wt) + isin (kx — wt)]
Now,
ly1 — yal

ly1 — 2| = \/(A1 - Az)zcosz(kx —wt)+ (4, - Az)zsinz(kx — wt)

lys —¥.| = \/(A1 — Ay)*{cos* (kx — wt) + sin” (kx — wt)}

Then,
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then ,Capacitive ,

— 1 _ 1 _ 106 B
C= sarxe ~ mmeoen T ¢ = meoantt = 15924F

(d) Impedence , Z=152 — 60°

Z=152 — 60° = 15[cos(60°) + jsin(—60°)] = 7.50 — j12.99.

Hence,
resistance =7.50(2 and capacitivie reactance , X, = 12.99Q.
Since
L then capacitive, C = L= 10° uF = 245uF
2nfC 2nfXe  2m(50)(12.99)
Example :
An alternative voltage of 240V, 50Hz is connected across an impedance of
(60 —j100)Q).

Determine the :

(a) resistance

(b) capacitance

(c) magnitude of the impedance and its phase angle and
(d) current flowing

Solution

Impedance Z = (60 — j100)Q. Hence resistance = 601).
(a) Capacitive reactance X, = 100Q , and Since

1
X =
¢ 2rfc

then capacitance,
1 1 106
C = 2afx, = Zn(50)(100) _ 2 (50)(100)
(c ) Magnitude of impedance ,
1Z| = /(60)2 + (—100)% = 116.6 uF

uF = 31.83 uF

—-100

Phase angle, or argZ = tan™! (T) = —59.04°
(b) Current flowing ,
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=Y o 280200 _ 5058,59.04°A
VA 116.64—59.04°

Example :

For the parallel circuit shown in Fig.,
determine (,using complex numbers)the
values of:

(@) current I ,and
(b) its phase relative to the 240V supply

Solution

v Current I = g

v Impedance Z for the three-branch parallel circuit is given by :

1 1 1 1
27777 17
Where
Z,=4+j3, Z,=10 and Z; =12 —j5
v’ Admittance Y1=Zil=ﬁ

__ 1 4-j3_4-)3
C4+j374—j3 42432
Y, =0.160 —j0.120 siemens

v Admittance , Y, = Zi = 1—10
2

Y, =0.10 siemens

1
" 12-j5

v’ Admittance , Y; =;—

1 124j5 1245
T 12-j5 7 12+j5 122452

Y; = 0.0710 + j0.0296 siemens
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Total admittance, Y =Y;+Y,+Y;3
= (0.160 —;0.120) + (0.10) + (0.0710 + j0.0296)
= 0.331 —0.0904
Y = 0.3432 — 15.28° siemens

Current |, I = §= VY

| = (24020°) (0.3432 — 15.28°) = 82.322 — 15.28° 4
1 =82.322 —15.28° 4

3.Mechanics

(a) Three coplanar forces
Determine the

v’ magnitude and

v" direction of the resultant of the three coplanar forces given below ,when they
act at a point :

@ Force A, 10N acting at 45° from the poisitive horizontal axis ,

# Force B, 8N acting at 120°from the positive horizontal axis ,

@ Force C, 15N acting at 210°from the positive horizontal axis.

Solution

The space daigram is shown in the figure .

The forces may be written as complex numbers.
Thus
force A, F, =104£210° ,

forceB, Fp=81£120°,
force C, Fc=154£210°.
% The resultant force = f, + fz + f¢
= 104£45° + 8£120° + 152£210°
F = 10(cos45° + jsin 45°) + 8(c0s120° + jsin 120° ) + 15(c0s210° + jsin 210° )F
= 7.071 4 j7.071) 4+ (—4.00 + j6.928) + (—12.99 — j7.5) = —9.919 + j6.499

F=-9.919 +j6.499
Since
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—9.919 + j6.499 lies in the second quadrant

< Magnitude of resultant force
F =./(=9.919)2 + 6.4992 = 11.86N

+» Direction of resultant force
6.499

— -1 — 0
= tan (_9.919 ) 146.77
since —9.919 + j6.499 ) lies in the second quadrant).

Solving the harmonic oscillator

A harmonic oscillator is governed by the equation
ma = —kx ...(1)
Where a is acceleration .

This provides us with the differential equation

d’x k

We know that the solution of this equation can be written as sine and cosine :
x(t) = Acos(wyt) + Bsin (wyt)
Where w, = +/k/m , and the constants A and B are chosen to match initial

conditions.

For example if x(0) = x, and v(0) = (Z—’:)] , then
t=0

A=x, ,B=0
An equivalent way to write this solution is to put
x = Ae!(@ot+do))
And match initial conditons by adjusting the constants A and ¢, . With the

initial conditions chosen above .we would put

A:xo and ¢0=O

This is easy to see:
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dx ;
E — inAel(wot"‘(bo) = lwyX (2)
Tz = —wiAel@ott P = —pZx .. (3)

Substitute eqg. (3), (2) into (1)
—w*mx+kx=0

Then the solution satisfied
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CComnloyv Functione
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Complex Functions 4kt )5

Real part of f(z)

Imaginary part of f(z)

¢

w=f(z) =Uxy) +iV(x,y)

The variable z is sometimes called an /zdependernt variable, w is called a

dependent variable.

Example:
If f(z) = z?, then find f(2) if z = 2i
fQ2i) =)= -4

Example

If w=2z2, then u+iv = (x + iy)? = x? — y? + 2ixy, and the transformation

IS

f(2)=2°=(x +iy)’
f(z) = x* + 2xyi — y*?

U=x%2-y?  V=2xy

Example:
Ilustrate the function

u(x,y) v(xy)

= u(x,y) =+/x2% + y?2

= v(x,y) = -y

Elementary Functions
1. Polynomial function are defined by

w=aqayz"+a;z" 1+ +a,_1z+a, =P
Where a, # 0, a4, ..., a, are complex constants and n is a positive integer called

the degree of the polynomial P(z).
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Complex Exponential function

4

e 4 , T

Euler'sformula
e'? = cosO + isind
De'Moiver theorem
e'(M0) = ¢i"0 = co5(nB) + isin(no)
2. Rational Algebraic functions are defined by w = ZZ;

Where P(z),Q(z) are polynomials Q(z) # 0.
3. Exponential functions are defined by

w = e? = e*tY = e*(cosy + isiny)
Where e = 2.71828 ... is the natural base of logarithms .If a is real

and positive, we define: |a? = e?!"¢|( prove)
Where [n a is the natural logarithm of a.
Proof

w=a’"=>nhw=Ina*=Inw=zlna

AW = ezlna
(o) ai e ot (B g pdaa ) ) I ds 8 pa A Al

Complex exponential functions have properties similar to those of real

exponential function. For example,

V4 Zy — 211z
el x p?2 = p“1 2,

4. Trigonometric functions (or circular functions) cosz,sinz, etc. can be
defined in terms of exponential functions as follows.

2
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" "éi‘z" ':él'ié " olZ 4 o-iz
sinz = ——— cosz=——
20 ’ 2

sin z et —e7l2

tanz = = — —
cosz i(e¥ +e71%)
coS z

OV =SIZ = (gt +ein)

e sin?z+4+cos?z=1 1+tan?z =sec?z,
1+ cot?z = csc?z
e sin(—z) = —sinz, cos(—z) = cos z,
tan(—z) = —tanz
sin(z, + z,) = sin z; cos z, + cos z; sin z,
cos(z; + z,) = cosz, cos z, + sin z; sinz,

5. Hyperbolic Functions are defined as follows

inh e? —e7? h e+ e %
sinhz = ——, coshz=———
2 2
b 1 2 b 1 2

sechz = = cschz = — =

coshz eZ+e”?’ sinhz eZ—e~ 2

sinhz e?—e? coshz e?+e”?
tanhz = cschz = =

coshz eZ+e2’ sinhz eZ—eZ
The following properties hold
e cosh? z—sinh?z =1, 1 — tan? z = sech? z,

coth?z — 1 = csch? ze sinh(—z) = —sinhz, cosh(—z) = coshz,

tanh(—z) = —tanhz
e sinh(z; + z,) = sinh z; cosh z, + cosh z; sinh z,
cosh(z; £ z,) = cosh z; cosh z, * sinh z; sinh z,

e The following relations exist between the trigonometric or circular
functions and the hyperbolic functions.

siniz = isinhz, cosiz = coshz,
taniz = itanhz
sinhiz = isinz,coshiz = cosz,

tanhiz = itanz
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Logarithmic Functions:

If z=e", then we write w = In z, called the natural logarithm of z
io

w=1Inz, Z=re
w=Imn@re?)=Inr+ine®
w=Inz=Inr+i(0+2km), k=0+1 12, ..

Where z =re! = rei0+2km

In z = is multiple-valued function. The principle branch of principle value of
In z is defined as:

Inr+i6, where0 <6 <2m
e The logarithmic function can be defined for real bases other than e. If

z=a"] w=log,z

Where a > 0 and a # 0,1.

In this case |z = e”!"¢|andso|w = (Inz) /Ina)

6. Inverse Trigonometric Functions ( =3)
If , the w = sin™? z is called the inverse sine of z: or arc sine of z.
w = sin~! z = (multiple-valued function)

e sin"lz= %ln(iz +V1— zz), e cosTlz= %ln(z +Vz2 — 1)

7. Inverse Hyperbolic functions( 4=3)
If = sinhw , the w = sinh™! z is called the inverse hyperbolic sine of z.
w = sinh™! z = (multiple-valued function)

e sinh™'z=1In (z +4/z%2 + 1), cosh ™tz =1In (z ++/22% — 1),

Example
1. Prove that:

a) e?1 x p%2 = %1122
b) |e?| = e*
C) e?t2km = o2 | =0,41,+2, ...

Solution

a) By definition
zZ=x+1iy

e? = e*(cosy +isiny) where < z; = x; + iy,

Zy = Xy +ly2



Complex Numbers

2022

~e? xe? =e*1(cosy, +isiny,) *xe*2(cosy, +isiny,) = e*t x e*2
(cosy; +isiny,;)(cosy, +isiny,) = e*1**2 cos(y; + y,
) +ie*rt*2sin(y; +y,)
b) |e?| = |e*(cosy + isiny)| = |e*||cosy + isiny]|

c) By part (a)
e? KMl — o7  @2KTL — oZ(cos 2km + i sin 2km) = e?

2kmi = is a period of the function ,In particular, e? has period 27i.
2. Find the value of In(1 — i). What is the principle value?
Or, determine the Principle value of In(1 —i).
Inz = ln(reie) =Inr+i6

z=1—-i=>x=1y=-1,
r=+2
6 = —45° or — —
= , Or Z
Inz = In(1 — i) =1n\/§+z(—§+ an) -
“In2 + i+ 2kmi
2 4

The principle value is (k = 0), Gln 2 + %’i)

a) Find the principle value of i'.

Solution
(a) by definition z' = e =e
= e~ 0+2km)fcos(Inr) + i sin(In7)}
0<6<2m

ilnz i{lnr+i(6+2km)} — eiln r—(0+2km)

k =0, then z! = e %{cos(Inr) + i sin(Inr)}
(b) By definition, it = e!!"? the principle value = it = e~/2
Now ,

Let w=Z%, Inw=2ZInZ
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Example . (1 + l)(2—5l) SR

Method#1

Let ,w=(1+i)?59
Inw=2-5)In(1+i) , Inz=Inr+io,
x=1,y=1,r=v2, 8=45° ,or %
In(1+1) = V2 +i7

lnw = (2 — 50) In(1 + i) = (2 = 50)[InVZ + ig]

T 51
Inw = 2InV2 + iz— 51m/?i+T

Then taking the exponential of both sides ......

Method#2

w=(1+ )@

_ _ . T T T
w = e(@-5DIn(1+) — e(2—51)[ln\/2_+LZ] _ eZZn\/2_+17—Sln\/71+SZ

T . IT
- e(ZIn\/2_+SZ)+l(E—Sln\/7)

e(zzn\/2_+5%) i(5—51nV2)

W = X e

Make use of Euler's formula
e’ = cosO + isind

Solve: @) (1 -—m)@5-130 | 1077 (=9 43 )-6D

(@ w=i%*
Inw = (2i)In(i)

Inz =Inr+i0

mi=nl+iZ=0+iZ, Ini=i=
2 2 2

6
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Then ,
Inw = (2i) [i g] =—T

Inw=-m
Taking exponential for both sides:

elnw — T

=—e "> w=e~

w=e

(b) (1 _ 3i)(2.5—1.3i)
w = (1 _ 3i)(2.5—1.3i) > Inw = ln[(l _ 30(2.5—1.31‘)]
Inw = (2.5 — 1.35{)In(1 — 30)

Inz=Inr+i6

In(1 — 3i) mm
x=1, y=-3,r=3.16, § =-7.1.6° or,0 =288.4° ,0 = 1.6m
In(1 — 3i) = In(3.16) + 288.4° i
Inw = In(3.16) + 288.4°1 = 1.15 + 288.4°|
Then ,

0
elnw — ,1.15+2884%1

iy
w = el15 x 2884°1

(1—3i)@5-130 = 3,16[c05288.4° + isin288.4° ]

(1- 3025130 = (3.16 X 0.316) — i(3.16 X 0.949)

(1-3)@519 =114 —2.99i

7
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Example 1 : Find the value of In(1 — i). What is the principle value?
Or, determine the Principle value of In(1 —i).
Inz = ln(reie) =Inr+i6 T =3.14
z=1—-i = x=1, y=—1,r=\/§

9 = —45° or (— g) ,or (+29),0r,(=0.785 or 549)

VA
nz=In(1-10)=InVZ+i(—+2kn) v
4 A
m2+ "+ 2k >
= —=In —1 Tl s
2 4 0 —45°
.. . 1 7m . 71
The principle valueis (k=0), (=ln2 +—i (1.-Dpyr ——
(2 4 ) or —
Or,
In(1-1i)=035-0.79i , or ,In(l—1i)=035+549i

Example 2: Find the value of el*".

Solution
plti

=el. e
O e Ay sad) Aadall sty
el =2.718
(Euler's formula ) sl & aladiu) 4y e Lo A Jias 15 ¢ @ Ll
e'® = cosf + isinf

el = cos(1) + isin(1) = 0.54 + 0.84i

1
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Example 3:
- llia Gl Al < junlae G35 )LEY) 23 )5 o

v Powerof Z= Z™ , nis integer number may be positive or negative

v Rootof Z=_ZY"  nis integerand positive .

ke ) ()5 Baw) .. s AT (e A1y ) sdie axa] ) £ b e (Autic Aly 5l gaic 2o ) G YY)
s (Al Ay

ZZ (1 +1i)4,i%,5--20) |

Example 3 : (1 + )(2=50)
Method#1
Let ,w=(1+i)35)

Inw=(2—-5i)In(1+1i) ..(1)
Inz =Inr+i0,

x=1,y=1,

r=4yx2+y? =r -,
0 =tan"(y/x) = 0 =45° ,or % , or 0.785 rad.
[
In(1+i) = lm/?+iZ
Or,

In(1+ i) = 0.346 + 0.785i

G2 (1) Ualaal) 8 25U 138 ey g2t g
s
Inw = (2 -5 In(1+i)=(Q2-5)[InV2 + i

5
Inw = 2ln\/7+ig—5ln\/?i+7n

Then taking the exponential of both sides ......
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Method#2

w= (1+0)@5D
w = e(Z—Si) In(1+i) (1)

— pQ@-SDIIVZ+ig] _ ,(2-50[0.346+0.785i]

— (,0.692 >< 3.925
—(p4.617 ><

A8da A0 LY 4 gadd) dlad) aladdiuly

l&

¢ Agaie Aaal 403 &Y (Euler's formula ) s) dsa aladiuly cauas
el = cosO + isinb

w = 101.19[c050.16 — isin0.16]

¢ Waalagl 48 )b 8 48 Adas Sl gal
w =999 —16.13i

Example 4: Evaluate sin(i)

Solution
ethod it
SINZ = g1 oy
20
i2_g-lz l iz —iz
sinz = =—le e
20 202 [ ]
(1)< ey ol o yuiay
Then,
: —i iz —iz
sinz ==—/|e e Y]
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sin@ = (3)[e1© - 0] = (Z) et - 1

: (2‘7’3#‘&“&‘ ?\&Qwﬁ\éﬁ\@w&“\ Jiga e 1 etl Q\.L':;Y)

etl = 2718,
a1 _ 1 0.367
€ T 2718

e e (D) — —i i(D) -i(D] — —i _ P
. sin(i) = > [e —e ]— > [0.367 — 2.718] = 1.18i
~ sin(i) = 1.18i

Example 5. Evaluate sinh(1 + i)
Solution

. . (4D _p—(1+) 1 . .
sinh(1+1i) == ze =E[el><e‘—el><e‘]

1
sinh(1 + ) == [2.718(0.54 + 0.841) — 0.367(0.54 — 0.891)] = 0.635 + 1.30¢

sinh(1+1)=0.635+ 1.29i
Now,
isinh(1+1i)=-1.29 + 0.635i

Activity
1. Evaluate cos(i)
2. Evaluate cos(1 + i)
3. Evaluate cos h(i)
4. Evaluate cosh(1 + i)
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Complex Derivative

d_Lallll) 3 _jualaal)

Lgliaudars g AoaBad) Jf gal) Akiiia

Derivative of complex function were defined in terms of [in/t and the other in

terms of formulas :

Oyl el ()8 4,081 ANl A alag (a el
5 (LAl alaaiul & YV
((liidialiac g8 ) aladiu) Apll v/
Oblus 8 J)sall A alagl 8 Wl atiall (o gl i g8

Aw  f(Zy+AZ) — f(Zo)
m

['(20) =737 = 4 Az
Or,
Z—‘;’ =f (2 1%t derivative of w with respect to z
2
= dz( 2 = f (Z) 274 derivative of w with respect to z
= Mz * derivative of w with tt
W == n*® derivative of w with respect to z
Rules for differentation

If f(z),9(z) and h(z) are " analytic " function of z the following
differentation rules are valid
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1 @ 1)+ 9@ =L )+ L g
dz 9V =4 dz?
=f@+g @
2 d —d —d
L@ —9@D]=—f2) -9
=f'(z2) —g'(2)
%{cf(z)} = c%f(z) , and C IS constant
4,

d o d d
L @9@D] =@ 9@ +9(2) - f(2)

= f(2)g'(2) + 9(f (2)

d {f(z)} 9@ @)~ f@) 9

dzlg@)) [9(2)]?

_ 9@ @-f (' @)
922 |

if g(z)#0

L Jlsal aal e g U Janll g
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of
—_® = gra-1
dz

a
—zF =zl +Inz)
az

i a 1
Eﬂ‘ = g% Infa)} Ell'l2'=;
d 1
— ¥ — p¥ —1 =
e=e dz GEa® zlna

%slu (=) = cos(z)

is‘mh(z:l ~ coshlz)

%tngfz} = — zin{=}

dizcnsh{z] = sink(z]

9 san(z) = sec(z)
dz

di_ tanh(z) = 1 — tanh?(z) = sech?(z)

d
Ernli'z] = — gsc¥(z)

a
tJ—_::uth{z} = = gschi{z)

%c&:(ﬂ = — g5z} cotlz)

%:mh{z} = —gsch(z) cothiz)

%3&:{2} = sec(z) tanlz)

imh{z} = —zechiz) tankhi(z)

:—Ecns"{:} =5 1_: icush"(z} = ﬁ'ﬁ

S tania) = g @) =
%cnt"’{ﬂ =-— :zz dizmun‘il:: =3 ._lzz
%sen"‘{ﬂ = %—ﬂhﬂ{f} == ot 1; i ;:

Example 1 : Find the 1% derivative for the function
f@=1z+@ + 1D

L 4 @+ 1D = 20z + @+ D[z + (4 )
=2[z+ (2% + 1D?][1 + 2(z* + 1) x 27]

At z=1+1i,then
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d
o [z + (z% + 1)?]?

20+ D)+ {1+ D>+ 1] x[1+2{(1+)*+ 1) x 2(D)}]

Example 2 : Find the 1% derivative for the function

_ [@+20)(i-2) Iy
f(2) = T ] ,at z=1

Solution

(z+2))(i—2)=zi—2z*-2-2iz=—-2—iz—z?

i[(z+2i)(i—z)] _4a —2—iz—zz]

_ (2z-1)(-i-22)-(-2-iz-2?)(2)
az (2z-1) dzLl (2z-1)

o (2z-1)2

Example 3 : Find the 1% derivative for the function [z + (22 + 1)?]?

7 [z + (22 + 1)2)? = 2{z+ (z*> + 1)?} = [1 + 2(z* + 1)(22)]

Example 4 : Find the 1% derivative for the function

f(2) = (z + 24/2)/3
2D =Heram 1 (12 ()

ooooooo

- da 2\3/2
Example s : Find —(1+2%)

—;Z(1+z2)%=%(1+22)1/2 X dgz(l + z2)

3 1/2
= 2y3/2 = = 2 — ...
dZ(1+z) 2(1+z) X (2z)

e d [(z+2i)(i—z2 .
Example & : Find T ]at z=1
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Example 7 : Find 1% derivative for the function  z'™#

Inw = (Inz) X In(z) » Inw = (Inz)?

1dw 1 dw
——=2lnz|—=]| 2> —=w X 2lnzx | —
w dz Z dz Z
dw z 1
w—=zM x2lnz Xz
dz

d—W = 2(z" Vinz
dz

Example 8 : Find Z—‘Z for the function z!

Inw = In(z") » Inw = i(Inz)
ldw (1 . dw (1 .
waz \z)” @z ~\z)""
dw [ AN .

L mwxs= ()@ =
dz z z

Example 9 : Find i—VZV {sin(iz — 2)tan " (z+30) }

w = sin(iz — Wytan~ +3)
Inw = tan” 1 (z + 3i) x In{sin(iz — 2)}

X cos(iz —2) X i + In{sin(iz — 2) X

Let

1dw _ -1 . 1
tan™ " (z + 3i) X peey e

1
1+(z+3i)2 (1)}
1 dw B
wdz =wX ....
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Example 10 :Find —ln[z — ~+Vz? — 3z + 2i]

dl [ 3+\/ 2-3 +2'] ! d[ E;+\/ 2 —3z+2i]
—Iin|z——= zZe —oZ L= — |Z— = zZc — oZ l
dz 2 z—%+ z2 —3z+2i dz 2

1

1
= 3 [1+= (22 —3z+2i)"Y?(2z — 3)]
z— 5+Vz? =3z+2i

Example 11 :Find = tan(z + 3i)~%/2

d 1 d
—_ tan_l(z + 30—1/2 = > X —(z + 3i)_1/2
dz 1+ [(z+30)7Y? dz
1 1 3
=——— () +3) 2 x (1)
1+(\/z+3i)

Example 12 : Find % cos~1(sinz — cosz)

d . - d
— cos~Y(sinz — cosz) = . —

dz J1-(sinz—cosz)? dz (San B COSZ)

- d . 2
Example 13 :Find — sinh(z + 1)

d
——sinh(z + 1)2 = cosh(z + 1)? x 2(z + 1)(1)

Example 14 : Find % COSh_l(lnz)

1 1
— cosh™(inz) = - ——=x-
dz 1= (nz)? 2
Activity :Find % 5&+) Hing % a’ = a? x Ina x :—Z(z)

I i |3 958« 7dte g (UL 5

d 2 . 2 . d 2 .
— 5D - 5@ x In5 x — (22 +1) = 5@ ) x In5 x (22)
dz dz

6
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Complex Function Separation

0 5 palaall
A 5 Ll L 5o I Al ) L 5o

Complex function w = f(z) =U(x,y) +iV(x,y)

Example 1: Separate each of the following functions into real and

imaginary parts , or in other words

Find :
U(x,y)and V(x,y) suchthat f(z) =U+1iV

(@f(z) =z (h) f(z) = Inz
(b) f(z) =2z*—i () f(2) = e’
() f(z) = 2z* - 3iz () f(z) = sin2z
@ f @) =2+ (K) f(z) = cosz
0 f(2) = =2 Wf(2) = 27
M f(2) == (m) f(z) = z%€%
@) f(2) =z (n) f(2) = sinhz
Solution
@ f(2) =z

f@=x+iy » ulx,y)=x ,v(x,y)=y
() f(z) =2z*—i
f(@) = (x+iy)? —i
f(z2) = x%+ 2xyi —y% —i
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@ = -y +iy-1)

U(x,y) V(x,y)
() f(z) = 2z* - 3iz
f(2) =2(x +iy)? — 3i(x + iy)
f(2) = 2[x? + 2xyi — y?] — 3xi + 3y
f(2) = 2x% + 4xyi — 2y? — 3xi + 3y
f(2) = Esz —2y? — 3yl) + i (4xy — 3x)

|

U(x,y) Vix,y)

z%241
z

@ f(z)=z +§ the same as (e) f(z) =
Method#1

F@) = G+ iy) + L xob

(x +1iy) (x+iy)xx—iy

1 ) X —1y
fR =7+ =x+iv+ 5,

=(x+iy)+

— X . y
f(Z) =X x2+y2 ti (y N x2+y2)
N px(xf+y?)+x L y(x2+y?)-y
faetriy) =" 1+ m ]
L
i
U(x,y) V(x,y)
Method#2
B , 1 (x+iy)?+1
f(Z)_(x+ly)+(x+iy)= x+1iy

1 x2=y241)4+2xyi  x—i
s+ L N C .) YL XY
Z x+iy x—iy

f(2) =

2
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Method#3

This problem can be sovled with the aid of complex conjugate of
z,ie.

f@)=z+-

f2) =

z%241 z%+1 . Z
L, f =Bt

7°Z+7 z%Z+7Z

f(2) =

zz  |z|?

Then substitute z=x+4+iy in above equation ...what about the

result. DLEUESS!T.

1-z
0 (@) =
1—(x+iy)_(1—x)—iyx(1+x)_iJ’)
1+(x+iy) (A+x)+iy” (1+x) —iy)

(A=-0A+0—-iyd+x)—iy(l—x)—y?
B (1+x)2+ y?

flx+iy) =

1—x*—iy—xyi—iy+xyi—y?
B (1+x)2%+y?
1—x?% —2iy — y?

(1+x)?% + y?

1—352—312 _ 2y

f(z) = (1+x)24y? l(1+x)2+y2

U(x,y) V(x,y)
@ f(2) =z
fl+iy) = (x +iy)!/?
Orin polar form ,since z =re - z =r[cosh + isinb]

Then
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7 J}"z"'k}i)

0 + 2kn
zl/"zrl/"[cos< m )+i5in(

k=0,n=2, r=4x2+y%2, 6=tan"(y/x)

Nz =2zY2 = (x% + yz)l/z[COS (g) + isin (g)]

Where
X
x =rcosf , cosf = =
y =rsinf , sinf = %
X y 1 .
_ ,1/2 _ 1722 2 =
Vz=2z r [2r+ 27‘] 2\/?[x+ly]
1 X y
1/2 — + . — + .
U(x,y) V(x,y)

(h)y  f@=inz
Since, Inz=Inr+i6
U(x,y) = Inr
V(x,y) =6
Since

r=yx2+y%2 , 0=tan"1(y/x)

Inz = In(x* + y)? + i tan"'(y/x)
1
Inz = Eln((x2 +y3) +itan (y/x)
UCx,y) = FIn(C® +y) and  V(xy) = tan (/%)
() f(2) =e%

e3lZ — 831(x+1y) — e3lx—3y — ele X e—3y

= e ¥[cos(3x) + i sin(3x)]
4
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e3% = e73Y cos(3x) + i e 3sin(3x)]

Ulx,y) = e ¥cos(3x) & V(x,y) = e ¥sin(3x)

() f(2) = sin(22)
flx+iy) =sin2(x+iy) = sin(2x + 2iy)
= sin(2x) cosh(2y) + i cos(2x) sin(2y)
sin(2z) = sin(2x) cosh(2y) + cos(2x) sin h(2y)
Where ,

sin(iz) = isinh(z)

(k) f(2) = sin(2z)
Method #1
Let, f(z) = cosz
f(x+iy) = cos(x + iy)
OB ¢ Ol g Jeals plai s pladinly
Cos(x + iy) = cosxcos(iy) — sinxsin(iy)

o ) Al 1 sall  Jay i A8De dlia () ¢ Apaiall J) sl ¢ gum g 8 Lilas U SO

sin(iy) = isinhy
cos(iy) = coshy

Method#2
f(z) = cosz

1, . . cpolaa sp LS
co0SzZ = E(elz + e“Z)

c‘;sdm;jcamc\udw\_j fo-i—iy U‘;Uéﬁ,ﬁ*m-’,}

1, . .. o 1. . .
cosz = — (elx+iy) + e tx+iy)) = _[pix o~V —ix oy
z=5 ( ) > [e™.e™ + e . eY]
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= % [e™Y (cosx + isinx) + e¥ (cosx — isinx)]
% [eYcosx + ie Vsinx + e¥Ycosx — ie” sinx]
¢ groaid ¢ Lpiany ae LAl 5 Lecany ae Aidall o] 2 xand (Y
cosz = %[( e Ycosx + e”cosx) + i(e Vsinx — e¥sinx)]
Sl Janic AdLal) o 3 gaaeall o) jaV) o & yida Jale AL

oSz = ;—[cosx(ey +e ) —isinx(e¥ —e )]

. ) L
// Gl
sinhz = E(ey —e™)
1
coshz = E(ey +e™)
co0sz = cosxcoshy — i sinxsinhy ¢ ol ale

) f(2) =z*

Let, w =z%

Inw = In(z?) = zln(2)

w = eZlnz
Then,
W = e@+iMInCe+iy)
Since,
In(z) =Inr +i0
Or,

In(z) = In\/x%2 + y2 + itan"1(y/x)

W= e(x+iy)[%ln(x2+y2)+i tan~1(y/x)
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1
Y W = e2

ein(xt+y?)-y taniy/) o i Bin(xtey?) x tan=t /)
(m) f(z) = z%e?*
flx+iy) = (x +iy)2e?tr)
= (x% — y? + 2ixy)e®* x e?V
= e?*[(x? — y? + 2ixy)] X [cos(2y) + isin(2y)]
z%e? = e?*(x% — y?) cos(2y) + i e?*(x? — y?)sin(2y)]
+ i e?*(2xy) cos(2y) — e**(2xy)sin(2y)
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Analytic (Cauchy —Remann Conditions)
and Harmonic complex functions (Laplace Equation)

10 5 alaall
(O 38 Ja g y5) g Aglidasl) Apndall J) gall v7
(Y Aalaa ) 45880 g3 Apadal) J)gall v
Previeus lecture

Complex function w = f(z) =U(x,y) +iV(x,y)

# Complex function to be analytic must satify Cauchy -

Remann Conditions , that is :

ou v
x oy
ou _ av
dy  ox

Example 1: Does the function f(z) =e” analytic ?.
Solution

f(Z) — eZ — Xty _ ex X eiy

e
e? = e*[cosy + isiny] = e*cosy + i e* siny

u(x,y) = e*cosy , v(x,y) =e”*siny

C-R-C's
au  av
ox  dy
U v

ay  ox
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ou v .
a = e cosy , a =e” siny
v v
@ = —e Slny ) @ e COS:y

The conditons are satisfied the the function f(z) = e” is analtyjic

# A complex function to be harmonic must satify Laplace

equation , that is :

0%U 09%U
W+a—},2=0 , 0T Uxx+ Uyy=0
0%V 0%V
ax2+a—yz=0 , 0T Vxx+ Vyy—O
Or,
0?2 0?2

V2 =0 where V25ﬁ+6_yz

The ' operator' V? is called " Laplacian" .
Example 2 : Does the function f(z) = e” harmonic ?

Solution
u(x,y) = e*cosy ,v(x,y) =e* siny

ou av .

i e*cosy , Pl e* siny
02U N v .
W=e Cosy b er Slny

o v
— = —e*siny , — e*cos
ay Y dy Y
02U v
— = —e*cosy , - = —€" Ssiny
y? dy?

The conditons are satisfied the the function f(z) =e? is
harmonic function .
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Example 3 : Does the function  f(z) =cosz  analytic ,
harmonic ?

Solution

f(z) = cosz = cosx coshy — i sinx coshy

u(x,y) = cosx coshy ,v(x,y) = —sinx coshy
v _ sinx cosh v cosx sinh
ox R Y
02U _ L orv. . h
9x2 = —Ccosx cosny , W = sSinx stinny
au - av , h
a—y = cosx sinny , a—y = sinx cosny
22U 2%V , ,
a_yz = cosx coshy , a_yz = —sinx sinhy

The conditons are satisfied the the function f(z) = cosz is
analyticand harmonic function .

Example 4 : Does the function f(z) = Inz analytic, harmonic ?

Note: “tan lz= —
E— dz 1+z

Solution
f(z) =Ilnz = In(x + iy)

1
Inz = Eln(x2 +y2) +itan"1(y/x)

.'.U =ll 2 2
(x,y) > n(x* +y*)

6U_1>< 1 SPTI.
ax 2 xi+y? T a2ty
ou 1 1 y

= X 2V =
dy 2 x?+y? Y x% +y2
3



Analytic and Harmonic Complex Functions

2022

Yy =tan /)

= x (—x%y) =
ax  1+(y/x)? Y) = x2+y?

v 1 o )
EN TNy A
Activity :
Does the functions

1. f(z)=z+2Z analytic, harmonic ?

2. f(2) =§ analytic , harmonic ?
3. f(z) = z—j analytic , harmonic ?
4. f(z) = zlnz analytic , harmonic ?

5. f(z) =icosz analytic , harmonic?
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Complex, Power Series Expansion

11 5 alaall
dasall JI gal) e lliiia
( Maclaurin Series ) ¢rusiSle dluiiag ( Taylor Series) LU dlwluia v/
( Laurent Series ) i)l dediiia v/

Taylor Series

Suppose that a function f is analytic throughout a circle
|lz—z,] <R , centered at z, and with radius R, . Then f (z) has the

power series representation.

! (n)
F@ = fzo) + Fa)(z=20) + 1 (2= 22 et L2 gy

Where ,
n'=nn-1)m-2)..321
Ol=1,1l=1, 21=2x1=2,
31=3%2x1=6,...etc

G Jag G ALl i g =l oS Lae o ABadk
. Omoslsle alibisia

Here some function expansion and convergent region:

z?  z3
1.eZ=1+z+;+3—|+--- |z| <
. z3  z
2.5inz=z——+—+ .. |z| <
31 ' 5
z?  z*
3.cosz=1—;+4—|+ |z| < o0

z?  z*
4. coshz=1+;+4—l+ |z| < oo
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ez |

(1 +z)°c = 1+ 7 ozl <1

is the binomial theorem for &K= —1 gives formula 8.

6. Inz undefinedat z=1

7.n(+z)=z-" 40 2] < 1
8.%=1—z+zz—z3+--- lz] < 1 \'r
9.$=1+Z+ZZ+Z3+'" lz] < 1

The first five expansion are valid for all z , whilst the last three are

only valid for |z| < 1.

Example 1 Expand f(z) = In(1 + 2)

Solution

f@=m1+2z) , f(0)=0
1

f'(Z)=1—+Z ) ') =1
flI(Z) — m f”(O) - _
f®2) = ((_12—(2—)22) , f®0) =2
_1 n
f(n+1)(z) — (1(4_;#?1) f(n+1)(0) = (=" n!
f(2) =1In(1+2z) = f(0)+ f'(0)z +f( ) 2 24 ...
2 3 4
f(2) = In(1 + 2) =z—7+%_%+..._
Example 2 Expand f(2) =In 8:;
Solution
(1+2)
f(z) = ln(l_z)

f(z) = ln% =In(l+2)—-In(1-2)
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In(1+z) =z—7+?—z+---.
z? 73 z*
1-2z)=-z-———— =
In(1-2) Z-> -3 +
z? 73 z* z? 73 z*
Inl+2z)—-In(1-2) = Z—7+?—Z+“'.+Z+7+?+Z+
3 223 ZS 222n+1
=274 =2 - 4 =
zZ+ + (z+ 3 + z ) 1

(1+2) = g2l
"tz \2n+ 1

n=

Example 3 Expand f(z)= 1

(1+2)2
Solution
B 1
f(z) = m
f(z):(l-l-—z)zz 1+272, f(O=1

fI(Z)=m ,  f'(0)=-2

" 6 "
f (2) T ot £(0)=6
1 —
1+2)?2

Example 4 Expand f(z)= LZ

1+
Solution

1
f(z) = 11z (1+2)7"

1
f@=1 SO=1

f’(z):m ,  f'(0)=-1

f(z) = f(0)=2

(1+2)3 °

1

=1—z+2z%>+--
1+2z

1—2z+3z%+ - provided |z] <1
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Example 5 If |z| <1, expand f(2) = ﬁ

Solution

f(2) = 11—z (1+2)71

1
f@=1— fO=1

1
f(Z)—m , fl0)=1
. 2 .
f(Z)—m , f0)=2
=1+z+2z%+-
1—2z
L n lz| < 1
1—2_22 , el
n=0
Example 6 Expand f(z)=e%
Solution
7 z> 73
e’ = +Z+E+3—!+'”
Then
. (i6)? (i8)® (i9)*
9 _ .
et =1+ (0)++ T 3 +
0 02 0® o+
l —_ I —_—._ — Ty
e =1+1i60 T 13!+4!+

0 6> 6* _ 63
el? = 1_E+E_'" + i 0—§+---

e = cosf + isind "Fu er formu&z"

Activity : e +1 =10
v’ It is an identity that contains the most beautiful entities encountered in
math, namely m, i, e, 0 and 1.

v It combines the real and the imaginary.
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In mathematics,Euler's identity (also known as Euler's equation) is the equality
e"+1-0

where

e Is Euler's number, the base of natural logarithms,
I is the imaginary unit, which by definition satisfies i* =—1, and
w ispi, the ratio of the circumference of a circle to its diameter.

Euler's identity is aspecial case of Euler's formula, which states that for
any real number X,

e* = cosx + isin x

where the inputs of the trigonometric functions sine and cosine are given
in radians. In particular, when x =mx

e'™ = cosm + isin .

Since
cosm = —1
and
sint =0
it follows that e™ = —1+ 0i
which yields Euler's identity e™+1=0
Activities
+ %=
+ e?+0

+ |e?| =e* = eReéz
+ arg(e’)=y+2nc=Imz ,(n=0,+1,+2,...)
We know that z' =x"+iy’ , then arg(z’)= mn—l(z_:)

e? = e*tW = e¥eW = e¥* cos(y) + ie*sin(y) = x' + iy’

2y = tan-1 (L) = tan-1 [(E5M0)) _ ot _
arg(e?) = tan (x,>—tan (excos(y) = tan"'(tan(y)) = y + 2kn

> arge®) =y+2nk

5


https://en.wikipedia.org/wiki/List_of_things_named_after_Leonhard_Euler
https://en.wikipedia.org/wiki/Equality_(mathematics)
https://en.wikipedia.org/wiki/E_(mathematical_constant)
https://en.wikipedia.org/wiki/Natural_logarithm
https://en.wikipedia.org/wiki/Imaginary_unit
https://en.wikipedia.org/wiki/Pi
https://en.wikipedia.org/wiki/Ratio
https://en.wikipedia.org/wiki/Circle
https://en.wikipedia.org/wiki/Special_case
https://en.wikipedia.org/wiki/Euler%27s_formula
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Trigonometry
https://en.wikipedia.org/wiki/Radian
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+ e‘=¢e
+ In(e?)=z+2ni ,(n=0,+1,+2,..)
+ elogz — 7
L In(zV%) =~z , (k= F1,%2,..)
Homework

1. Expand the follwing function

@e?;z=0 (d) Inz ; z=2
(b) cosz ; z=m/2 (e)ze?? ; z=-1
1
(©) vz 2T 1
6 10
2.Show that : sinz = z* —Z—'+ZS—'—--- , |z] <
30,5 7
3.Show that : tan‘lz=z—%+z?—z7+--- ,lzl < 1
2
4Showthat : secz=14+2+2>_+... , lz| <m/2
2 | 24
3
5Showthat : csez = —+ 24+ 22+ ... ,0<|z| <
z 6 360

6.Expand : tan (iz) = ... ...
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Laurent's Series

The method of Laurent series expansions is an important tool in complex analysis.
Where a Taylor series can only be used to describe the analytic part of a function,
Laurent series allows us to work around the singularities of a complex function. To do
this, we need to determine the singularities of the function and can then construct several
concentric rings with the same center z, based on
those singularities and obtain a unique Laurent series of z-z, inside each ring where the
function is analytic. In other words,

If a function fails to be analytic at a point z, , one can not apply Taylor's
theorem at that point.Unlike the Taylor series which express f(z) as a
series of terms with non-negative powers of z , a Laurent series includes

terms with negative powers.

Theorem

Suppose that a function f is analytic throughout an annular
domain R, < |z —2z)| <R, centered at z, and let C denote any
poisitive orientated simple closed contour
around z, and lying in that domain . Then,
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Cinsall sai VL LSSy Ry 5 Ry W o ll( ulalal) 5l dualall) il e €, JicS

sl e s Aol i uSe

;LB;)L:
Adiia go sl ¢ 5l ¢+ ¢,(Z2 — 2) + +0(Z — Zg)2 + -+ sl ann ]

el ealy B4 P2 el )

(z-z9) (z—2¢)?
g iy o) Al 8 (k) iyl Aluliie (e (il ) Gl 6 3al) S 1Y D
ML Ao

1
Example 6 If |z| > 1, expand f(2) = T, using Laurent series

Ans. 1iz=_2$10=1 1—n , |zl >1
1 1 1 1 1
=R R I )
1 1 1 1 1 1
A
1 1 1 1
1=z Gttt

1. : : :
Here f(z) = — i ana;lytic everywhere apart from the singularity at z = .
Above are the expansions of f in the regions inside and outside the circle of
radius 1, centered on z = 0, where |z| < 1 is the region inside the circle and
|z| > 1 is the region outside the circle.

eZZ

Example 7 Expand el

Solution

Let , u=z—-1- z=1+u , 2z2=2(1+u)

022 p2t2u 2 o e? 2w (2u)? .
= = —X = —
(z—1)3 u3 ER us3 [ u 2!
e?”  e? N 2e? N 2e? N 4e? N
z—-13 (z-13 (-12 z-1 3 '

VAN AS )l e (pole ) bl 4z =1 o) S
8
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Example 8 Expand

1 .
z2%(z-3)? ’

Solution
Let , u=z—3-> z=u+3 ,z=u+3

1 1 1
z2(z—3)2 w?B+u)?  9u(l+u/3)?

1 (—2)(-3) 2 (=2)(-3)(—4 2
~galt+ (o )+ ) ARG )

1 1 2 1 4u

z2(z—3)2  9? 27u 27

243 + ..

1 1 2 1 4u

22(z—3)2 9z—3? 27z-3) 27 24

A4S A ) e (pole ) ks z = 3 o) dus

1
Example 9 Let f(z) = 57, -Determine the Laurent series around z = 1

Solution
Obviously, we have a simple pole at z = —2. Hence, we are dealing with a radius of 3 and
want to find the Laurent series for both |z — 1| <3 and |z — 1| > 3. The Laurent series
will reduce to a Taylor series inside |z — 1| < 3 where f(z) is analytic.

For |z — 1| < 3, we refer to the well-known geometric series. We begin by trying to

create a (z — 1) term in the denominator.

1 1 1 1 1

f(z):2+z:2+z—1+1:3+(z—1):(5)1—(__(2_1)>
3

—(z-1) . .
< 1, We can now represent the function as a series:

Since | 3
= f(2) = %Z _(23; DS EDE DT i1 <3
n=0

3n+1
n=0

Which is just a Taylor series as the function is analytic inside the region. For |z — 1| > 3,

3 : .
we can use T and follow our previous work to obtain:

1 1 1 1 (-1)"3"

(z—l):z—ll_(z—_31 )=Z_1n:0(z_1)n

f) =
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In this case ,\we have obtained the Laurent expansion.The generalized residue for the outer

. . . 1 .
ring |z —1] > 3 s the coefficient of p—y ,thatis by =1.

1 : .
Example 10 Expand f(z) = TiDery 8 Laurent series when:

(@)1 <|z| <3

(b) |z| <3

(c)0<|z+1] <2

@d)lzl <1
Solution

Using partial fractions

1 A B
C+DGE+3) z+1 7-3
1=Az+3A+Bz+B

A+B=0
3A+B=1
A=-B
34-4A=1-> A=1/2
B=-1/2

1 101 1 1
(Z+1)(Z+3)_E<z+1)_z(z+3)
@ 1|zl >1, then
1( 1 ): 1 _i 1 l_l

I
U

I
+

- 2 3
2\z+1 22(1+%) 2z z z? z

1 1 1 1

= - 4+ - _ -

2z 2z%  2z3 2z*%

(b) |z| < 3, then
1(1)_ 1 _11 z_i_z2 Z3+
zz+3—6(l+§)—a[ ERICIIP A

1/ 1 1 z 2z Z

G mta et
casrohlbay |z >3 Oyl |zl <3, |z] > 100 S mnia i) & i gl ade
1 4 13 40

72

-+
z3  z%  Z°

10



Complex Power Series Expansion

20 e e e s e e e e s e
c 0<|z+1|1<?2

Let ,u=1+2z ,then

1 1 1
z+1D@Ez+3) uw+2) 2u(l+u/2)

1 u u? uld
vz g+ )

1 1 1
z+1Dz+3) 20z+1) 4

+1 +1 ! +1)% +
gt - (z+1)

0<|z+1|<2 or, lul<2, u*0

() If |z] <1 ,then

11
2(z+1)  2(1+2)

(1—z+z%2—23+ -

1,1 1
—z+-z%—73+--
27 T2 2

1
2
1
2

(a)g 8l manic |zl <3 &N
1( 1 )_1 Z+Z2 Z3+
2\z+3/ 6 18 54 162

&bzl <1 J@ ezl <3 ¢zl <1 o0 KN pmaally o glhaall i 5f ol a8 il

: g okl
379 277 TB1”
oL AL
Example 11!! Determine the Laurent series for  f(z) = 5 that
are valid in the regions:
(a) |z| <5
(b) |z| > 5
NOTE :
—_ 1 = e — 1 —r
f(Z) - 5(1+§) - . ’ f(Z) - z(1+g) -
Example 12!! Determine the Laurent series for f(z) = (z—li)z s Zo=1

11
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Homework

1. Expand the follwing function

(a) ﬁ ;z=1 (d) f(z) =In(3 —iz), f(0) = In3
1 _ 1 .
(b)) T b 2= 0 (€)) f(z) = — as Laurent series for
1 1 P @)lz] <3
V1+ 23 2 (4)(6) (b) |z| >3
(C)sin~'z = Ans.
SL0E)2 |, WE)E) _ -1 z 22 73
Tteoms Tomer <] @ —5-5 -t
1 3 9 27
b)) =+Z+2+5+
2.Expand :
— % as Laurent series for ,
(z-1)(2-2)
@lzl<1 ,MB)1<|zl<2 ,©@)z|>2 ,(@Dlz—1l<1 ,()0<]|z-2]<1
Ans.
-1 322 7z 1523
(a) TZ—T—?—l—6—....
)=+ =+ 1+-z+-22+=23+....
Z Z 2 4 8
-1 3 7 15
S R I A
-1 2 2
(d) iRt +....
2 1 1 1 1
&1 o e o e
. —_ 1 .
3.Expand : f(z) = el 0<|z|<2 ,|z|>2
. — Z - —
4.Expand : f(z) = vl , |lz—3] > 2
. —_ 1 .
5Expand: f(z) = =R lz| <2, |z]| > 2

6.Expand the following functions as Laurent series around z =0

1—cosz z z 5

(a)f(z)=z— , [ Ans. ——4—T+

VA
2! 6! "

12
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2022, e e e e i s e i

2
e? 1 1z z3  z5  Z7
(b)f(z)_zs , [Ans. ——;+z+§+z+;+'”

z3

© f(2) = zsinhWz , (d) f(z) = ze?

7. State the singular points for the functions :

(a) > (b) m B (C)COS(ZZ - Z_Z) > (d)

1
2(sinz—-1)2

zZ
(eV/7-1)

Z
(e?-1)

(e)tan Y (z2+2z+2), (f) (

13



Complex Integrals

Complex Integrals

12 5 alaal)
( Complex line integral ) d3ial dgladll COLISH v/
Liouvalli theorem (a)

Morera's theorem(b)

(Cauchy's integral ) (g S <\alSS v/

"n

From " Calculus " , the integration say for example
& 2 folf(x)dx , dx with be varied from x; =0 , x, =1.
@ f;f(y)dy , dy with be varied from y;, =2 ,y, =3.
@ f13:’24(3xy + y2)dx + 2x%y — yx + x®)dy
Al a8 ol WY g " Akl OIS a0 Ly 5 X e Badiae g0 ey JalSHl) Ui
i duw de ¢ x ey ki
1. y=2x striaght line equation
2.y = x? parabola equation
L s) 0 e pamidia dad gle bl Y adelhel by = 2x AV AL e
plal ¢ o) g ey AV Alalaall ) gaiid g sl
dy = 2dx
dy = 2xdx
Al & cpiel) A (e g Slidaral) e ) gpuad) A1 lilall " st o1y ¢ Al AlS)
D VS5 daall alal 5 aisal) Tl Aldlae 48y 3l e x5y Lal dad
Along the striagt line joining the points ( 1,2) = (3,4)
sl (1,2) > (34) okl g deal sl aivdll s € ()58 Cuny

1



Complex Integrals

¢ (A + Jae ) Ualas (0
V2 — Y1 = m(x; — Xxq)
y—2=Dkx-1)
~y=x+1 ->dy=dx

Complex line integral 4—all 4xbal) cdlalsil)
Previeus lecture ,
Complex function w = f(z) =U(x,y) +iV(x,y)

Since, z=x+1iy

Let , Az = Ax +iAy ,or dz=dx+idy

j f(z)dz =j (u +iv)(dx + idy)
c c

o J. f@dz=], udx— [, vdy+if. udy+i]. vdx

\ ] |\ J
I |

Real part of line  Imaginary part of line
integral integral

Example 1 Evaluate the integral [ ((12’;;)(x2 —iy?)dz where y = 2x?
Solution
(2,8) 2,8)

f (x2—iy?*)dz = f (x? —iy?)(dx + idy)
(1,1) (1,1)



Complex Integrals

2022 L
(2,8) (2,8) (2,8) (28)
= j x2dx + f y2dy +i J x2dy —i J y2dx
(1,1) (1,1) (1,1) (1,1)

©y=2x% -dy=4xdx
y2=4x4

Substitute in integration equation

(2,8) 2 2 2 2
f (x2 —iy?)dz = szdx+f16x5dx +i J4x3dx—i j4x4dx
(1,1) 1 1 1 1
3 16x6|° " 4x5|°
=—| + +ix*|? -
3 6 ‘ 3
1 1
(2,8)
f(z 9 _(8 1>+ 1024 16 o 128 4
Xt —iyt)az =\3-3 (T —) i( l(— 5)
(1,1)
(2,8)
j o iyyar oS0
X ly Z —T l?
1,1

"Uaiag " e s ¢ Julaals e ey 5 a0 Guosdall ge il (S i
c S JEall A e WSy g x il G

Example 2 Evaluate the integral [. z?dz where C is striaght

line joining the points : (0,0) = (2,1) ,where C: Z(t) = x(t) + iy(t)

Solution
y—y; =m(x —x;) "straight line equation”
slope=m=y2_y1 :1
2—-0 2
1
m = E

1
y—0=§(x—0)



Complex Integrals

oy = Ex - X = Zy

Do ol Sayade 5 (dlsadl Bosle cea ) ¢ il pallalas y ¢ O gl sl e
Let, y=t ->x=2t then 0<t<1

C : z(t)=2t+it 0<t<1
dz = 2dt + idt
Or,
dz = (2 + i)dt
Now ,
1
fzzdz=f(2t+it)2 (2 +i)dx
Cc 0
1
=(2+1) J(4t2 + 4t2%i — t?)dt
0
1
=2+ i)f(3t2 + i4t*)dt
0
4 1 4
jzzdzz 2+1) [t3 +§it3] = (2+i)(1+i§)
A 0
j 2g, = 2, 1
Z-AZ = 3 l 3
C
Activity:

x=t .. confuune

If we choose y =

Example 3 Evaluate the integral [ c z*dz where path equation C is
Z(t) =t +it? 0<t<1
Solution
Z(t) =t +it?
dz = dt + i 2tdt



Complex Integrals

1
z%dz =j(t+it2)(1+2it)dt , 0<t<1
0

O

_+it?)3 g 1 NS =2, 2=

sz —2 %
z%dz = —+—
3 "3
C

Cauchy-Goursat theorem <l 98— (& S 4y ki

The Cauchy—Goursat Theorem

Suppose that a function f is analytic in a simply connected domain D.
Then for every simple closed contour C in D,

>

JS A LLaT Al f(7) QS I) ) € Lagas o dlisy R Ladihia A4 llai Al £(7) oS3l
tO8 € Jawew (3l dade JAlay o Al

24 f(z)dz=0

2
Example4 If C isacircle |z| =1 , prove that gﬁc ZZngZ =0

Solution

ZZ

z—3

f(2) =

, Zyg =3

L\ﬁﬂ\@m;ﬂw:ﬂ\ﬂ\o\gg\c(SH)QHJ\M&ASZO
zOe ) & WY zp=3 ahaill Jae L;Js:d\ 5 giall &
2

el eaia e LS ZZTs o udiall A A dada




Complex Integrals
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Example5 If C is |z] =2 , evaluate fﬁdz
Solution

f%dz ,notdefineat z=3 notinC:|z| =2 , hence
1
f;dz =0

Example 6 Find the integral gﬁc( dz

m where C is 3S|Z|S5

Solution

1
f(Z) T (z-1)%(z2+4)

(Z—1)2=0 -»z=1
z2+4=0 - z°=—4 ->z="7F2i
Ll lae gaiall (5 gicall bl puan 8 bl Al (o))
z=1, z=4+2i ,z=-2i
L a5 gt Jalsil) Aad b gle 5 ABhial) 7 A Lgnsen

(Morera's Theorem ) e &gk
Y e patiy Glay ) — (oDsS Akl (pSe (a
Sie b ginie s Cun $F(2)dz =0 s R Ahidl L5 i il f(7) i€ 1
R Aehidl AU dly f(z) 0S8 Naie
(Louvelli's Theorem ) Jibsd 4y ks
Naie  (gdall g sinall B 7z ad JSIB2aay  ( Entire function ) A Al f(z) <l 1))
IF(2)] < M) o ) 53mae ldas A £(2) o il ¢ s a) 5k 51 40l Ay f(Z) 058
VA S O s f(Z) O b i ¢ Jalal) gdiall s gl (B 7 ad aeal M Lo
( Cauchy’s integral formulas ) 4lalsil) L& ¢S fua
P e (pend ) Lpaand (S
( Simple pole ) daredl ksl ld (1)
( Multipole pole ) aa=iall culadll iy (2)
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u‘s“s)g\j Cd;umd\ Z s il ¢ ) ‘fmnég s f(z) S 13
POM (e 0585 el o jae

D9, (;_(2) dz = 2mif (2)
@ _2mi g
(2)¢C (Z—Zo)n+1 dZ - n| f (Z)

1 f(2)

=— | ————d =0,1,2, ...
tn 2nl (z — zy)"*1 ’ (n )
f(2)
(Z—Z) n+1 (n=12,...)
Example 7 Evalute ¢, (e_zl) dz, |z| = 2
Solution
ZO - 1

i (Ze_ D dz = 2mif ( zy)
f(2)=e* = f(z)) =e® =¢

3@ ¢ s =2miel
C(Z—l)z_ TLe

cosz
(z+m)

f(z) =cosz, zy, =—-m ,f(zy) = cos(—m)

c: |z| =3

Example 8 Evalute ¢,

yg coSz p 2icos(—1) ot
= 2micos(—m) = —
 GFm z i [ i

Example 9 Evalute ¢, %dz, c: |zl =2
f(2)=e”, 25 =0 ,f(z)=f(2)=e®=e’=1
eZ
f — dz = 2mi(e®) = 2mi
Z
Cc

1 e? . .. . _
Example 10 Evalute ﬁgﬁc —dz, if c is: (@) |z]| =3 ,(b) |z| =1
(@) |z] =3
zy =2 ,f(z)=e?,  f(z)=e?

7
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o § “—dz = 2mi(e?)

zZ—2

1
v —x 2mi(e?) = e?
211

(@) |z| =2
G ¢z =2 Sl S (2058 Ay ki g

. ¢C e’ dz =0

zZ—2

Jac e Lgds:d\ Lg;l.mﬂ QLM\@A;@ATA.;M eZ oY

)
Example 11 Evalute g;c Zsi/zdz, if c is:_Jz|=1
Solution
zy=m/6 ,f(z) =sin’z
@) = sin?(a/6) = (2) ==
~ f(z) =sin“(n _§> =%z
% Sin"z iy =2 < 1 ) T,
- z= — | ==z
¢ sin(—m/6) "\64) " 32
sinmwz?+cosmz? . .
Example 12 Evalute §. DD dz, if c is:_|z|=3
Solution

1 A B 1 1

(z—1)(z—2):Z—1+Z—2_Z—2 z—1

dz

jg sinmz? + cosmz? | f sinmz? + cosmz? jg sinmz? + cosmz?
Z-Dz-2) -1 ’ z-2)

f(2) = sinmz? + cosmz?, zy=2, z5=1

f(z0), = sinﬂ(Z)2 + cosn(Z)2 =1
f(zo)1 = sinn(l)2 + cosn(l)2 =-1
8



Complex Integrals

jg sinmz? + cosmz?

C-DGZ-D dz =2mi — (—2mi) = 4mi

C M‘JA\JZ():z ¢ ZO=1 oY

CcoSz

Example 13 Evalute 95 54z
Solution
Since
@) .
Gz f (20)
f(2) B 2mi
c (z—zy)mtt dz = nl "0
f®(z,) = —sinz » —cosz - sinz — cosz

® ® ® ©

Zy=1m ,n=4%

coSz 2mi T

dz = -
- T 43241 12"

Example 13 Evalute §. 2 dz where ¢ isacircle |z| =3

Solution
f(z)=e? ,zp=-1 , n=3

§ Ltz ="

7 — Zo)n+1

fP2) =8e ,fP(z5) = f(~1) =8e?

21i 8mi
. - — -2 _ -2
. i (Z+1)4dZ—3*2*1X8e —Te
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Example 14 Evalute gSC Z—3dz where ¢ isacircle |z| =2

Solution
ZO=0 ,n=3'f(z)=eiz

fl@=ie” , f@D=-e%, f()=f0)=1

eizd _ 2mi e
322_32_2*1( ) = —mi

elZ .
—3dz = —Ti
c Z

10
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Comp[ex Integmtwn wuﬁ q{esz([ue

13 5_palaall
( Residue ) (o8 sl ) ol 5,1 aladiualy (gadall JalSill v/
G ¢ f(z) Aall Ay a3l Aty 7z o)y ldalay Cdlal e Llas Al f(z2) o) g i
Lo f(Z) Dl ol Aluldie o Sia

f(2) = Xy=o an(z — o)™ (1)

a_, a_,

f(2) =ag+a,(z—z)) +ay,(z—z))* + .+ >
z—2zy (z-—2zy)

1 f(2)
An =209 (z—2zy)"t!

dz ,n=0+1+2,.. (2)

«(2) daladdl b = —1 S Ladie

1
a_lzﬁ% f(Z)
4 b ades Res(f,z) 4 Jexs zp Ahill def(z) A ) (an) e

ool Res(f,z) = a_y
39 ()

Lo 7y Akl veq A5 ) e il F(7) Alall IS 13 S
n-—1

1
Res(f, Zo) = (Tl — 1)! limz—>zo W{f(z)(z - ZO)n}
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e Z_sinz

Example 1 Evaluate the 1ntegral 93 —-dz where C is a circle

|z— 3| =1 in positive direction.

Solution
Zg = 1 AU A5l e aladl)
1 n-—1
Res(f,20) = =gy iMamsy ey U ()2 = 20)™)

1 d? 5 e — sinz
Res(f,zy) = Ellmz—ﬂl’@ (z —m) Z=n?

1 2 1
Res(f,zy) = Elimz_m@{elz — sinz} = -

e —sinz 1
f —— ——dz = 2mi Res(f, ) = 2mi *E = i
c

(z—m)3
e? — sinz ,
———dz =mi
C

(z —m)?
Example 2 Use the residue theorem to find gﬁc m where C:
|z]| =3 .
Solution
Zo=1 ,zp=-1
z|l =3 s Al ey f(z) Al Cplasen Gl (DS
1
[ &= De+D
1. ZO - 1
Res(f,1) = lim, . {(z = 1) sl = =
es(f, 1) =limeo\ = Do—mo T = 2
2. Zg = _1

-1
(z+ 1) (z+ 1)} -2

Res(f,—1) =lim,_,_; {(z +1)

jg = 1)?2 D = 2mi[Res(f,1) + Res(f,—1)]
c
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i (Z—1§?z+1)=2”i[%——%] =0

dz _ 0
%c z—-1D(z+1)

z%2-2z
(z+1)2(z2+4)

Example 3 Find the residue of function f(z) =

Solution

1. Residue at z, = -1
n—1

lim,_,,, W{f(z)(z — 2o)"}

Res(f,zy) = =D

72 — 2z }

1 d 2
Res(f,—l) = ]T' llmze—la{(z + 1) X (Z + 1)2(22 + 4)

(22 +4)(2z— 2) — (2% — 22)(22) 1
(2% + 4)2 25

es(f,—1) = limz_,_l{

2. Residue at z, = 2i
n—-1

1
Res(f,z) = mlimz—ao Tt f @z — 2"

7% — 27

(z+ D2z -2D)(z+ Zi)}
—4 — 4i 7+ i

(2i + 1)?(4i) T 25

1. d :
Res(f,—1) = T llmzﬁzia{(z —20) X

Res(f,—1) =
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2022
3. Residue at z; = —2i
Res(f,~1) = i 41 2+ 20) x zt =2z
es(f,—1) = =lim,,_,;—1(z+ 2i
1172 gy (z+ 12z - 2i)(z + 20)
Res(f,—1) = —4 + 4i 7 —1i
es(f, (<20 +1)%(—4) 25
1 e?t . .
Example 4 Evaluate - 5ﬁc Z(212212) dz where C is a circle
lz]| =3 .
Solution
ezt
f(Z) " 22(z2422+2)
ZO=0,ZO=_1$i, n=2
R 50 0
_ 1 .. i 2 eZt
1 Res(f,—1) = ;llmz_’o dz {Z X zz(zz+22+2)}

(z2 + 2z + 2)(te?®) — (e*)(2z + 2)
z2(z2+2z+2) }

t—1
Res(f,—l) :T

= limz_)o {

2. Residueat zy=-1+1i

N L e”t
Res(f,—1+1i) =lim,,_q4; {{Z (—1+D}x z22z—(—1+DH{z—(—1—- i)}}
] (—1+0)e 1 e(—1+i)t
RGS(f,—l-l'l):mXZ: 2

3. Residueat z,=-1-—1i

. . ) ezt
Res(f,—1+1i) =lim,,_4_; {{Z —(—1-=-0}x 2z (1= Dz = =1+ i)}}

4
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o(-1-Dt p(-1-0t

ReS(f, -1+ l) = (—21')(-1 _ i)z B 4

¢ il g )l & gana

zZt

e
dz = 2mi
7€C z2(z%2 4+ 2z+2) e

=1 (-1+DE e(—l—i)t]

= 2mi l—+ +
2 4 4

.[t—l et ]
Z = 2mi |—— + ——cost

ezt
d
7€C 22(22 + 2z + 2)

2 2

1* e?t d 1 1 1,
2mi J. z%2(z% + 2z + 2) PR e




