
 

 

 

  
  Lecture One

 

 1- Concept of Complex Numbers   

  2- Geometric Represention of Complex Numbers .

. 

Complex Numbers 

Mustafa Ibrahim Hameed

TTThhhiiirrrddd LLLeeevvveeelll\\\ PPPhhhyyysss... DDDeeeppp...

The aim of the lecture is to familiarize the student with the following:



COMPLEX ANALYSIS FORMULA SHEET 

Real number representation  

Real number represent graphically in one dimension ( either horizontal or 
vertical) as shown.  

Due to Quadratic Algebric  Equation ;  

The solution with be     and     . The square root of       ( √       )  may be ( posative , 

negative or zero )  

    The negative value will be expressed as  ( complex number) 

𝑎𝑥 + 𝑏𝑥 + 𝐶 = 0 



Complex Numbers represent by:  

1. Rectangular coordinate representation  

                                                               are real numbers . 

               are the real part of        
 =        

               are the imaginary part of        =        

𝑧 = 𝑥 + 𝑖𝑦       𝑎𝑠 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑤𝑖𝑡ℎ   𝑥  , 𝑦  

𝑧 = 𝑅𝑒 𝑧 + 𝐼𝑚 𝑧 . 𝒊    

Argand Plane or Complex Plane 



Complex unit  

Now,  

  =   .   .  =      .  =      .  = +  
 

 

𝑖 = √  

𝑖 =    

    =       .  =       .  = +  



2. Polar  coordinate representation 

 Length of     

 Amplitude   

 Modulus       

 Absolute value 

     is the " radius of circle "    at orign. 

 𝑧 = 𝑟𝑒𝑖𝜃              𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑 𝑏𝑦    𝒓, 𝜽  

𝑧 = 𝑟 𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃                    𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑒𝑑 𝑏𝑦    𝑟, 𝜃     known as Euler's formula 

 𝑧 =  𝑥 + 𝑦 = 𝑟 

z  =  𝒓 ∠ 𝜽

    z  =  𝑟 ∠ 𝜃 



          is called  'angle "  or , " argument'  or   'phase " represent the direction of   and can be 

evaluated by :  

 

Complex conjugate of             Represented by   ̅  or      

𝑧̅ = 𝑥  𝑖𝑦       𝑎𝑠 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑤𝑖𝑡ℎ   𝑥  ,  𝑦  

𝜃 = 𝑡𝑎𝑛−   
𝑦

𝑥
    



 

Inflection  of    

Absolute value of      

 Also called ,  Length of     

 Amplitude   

 Modulus       

     is the " radius of circle "   

at     ,   . 

 𝑧 =  𝑥  𝑖𝑦       𝑎𝑠 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑤𝑖𝑡ℎ    𝑥  ,  𝑦  

 𝑧 =  𝑥 + 𝑦 = 𝑟 



Distance between             

       Represented by             and given by : 

Power of        

                 Or  ,  

     "De Moivers theorem"  

 𝑧  𝑧  =   𝑥  𝑥  
 +  𝑦  𝑦  

  

𝑧𝑛 = 𝑟𝑛𝑒 𝑖𝑛𝜃   𝑐𝑜𝑠𝜃 + 𝑖𝑠𝑖𝑛𝜃 𝑛 = cos 𝑛𝜃 + 𝑖𝑠𝑖𝑛 𝑛𝜃  

 𝒊  



PASCAL TRIANGLE 

  +    =   

  +    =  +   

   +    =   +    +    

  +    =   +     +     +  

 

…….etc  

Roots of    

𝑧
 
𝑛 = 𝑟

 
𝑛  cos   

𝜃+ 𝑘𝜋

𝑛
    + 𝑖𝑠𝑖𝑛   

𝜃+ 𝑘𝜋

𝑛
       ,       k=0,1,2,3,…..,(n-1) 

𝑧  , 𝑧 , 𝑧 …        𝑡ℎ𝑒 𝑟𝑜𝑜𝑡𝑠 𝑜𝑓    𝑧 
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 الثانيـــتالمحاضرة 

Examples 

1. Verify 

a) (√   )   (  √  )      

b) (
    

    
)  (

   

 
)  

  

 
 

 
    

    
 
    

    
 
   

  
 
   

   
 

 
         

    
 
      

  
 
            

  
 
   

  
 
  

 
 

c)  
 

(   )(   )(   )
  
 

 
   

 

(   )(   )(   )
  

 

(    )(   )
 

 

        
 
 

    
 
  

   

  
 

 
              

2.    Simplify (
 

    
) (
 

   
) 

Solution: 

(
 

    
) (
 

   
)  

 

         
 
 

   
 
   

   
 
   

    
 
   

  

 
 

  
 
 

  
  

Question :  Express         | |  in terms of   ( ) and   ( ) 

Solution: 

         ( ) 

         ( ) 
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Add (1) and (2) , 

   ̅         ( )  
   ̅

 
 

Now, subtract (1) and (2), 

       

       

   ̅          ( )  
   ̅

  
 

| |            (  ( ))
 
 (  ( ))

 
 

Example: Simplify 

     

   
 
     

   
 
   

   
 
     

 
      

Basic of algebraic properties of  , verify a few algebraic properties of  . 

1. The commutative laws. 

                                    

2. The associative laws 

(     )        (     )    (    )     (    ) 

Now,  

 

    
 (
 

  
) (
 

  
)       (                ) 

     

  
 
  

  
 
  

  
      
  

   
 (
  

  
) (
  

  
)    (                 )  
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Absolute value of   

With that interpretation in mind, we introduce the length , amplitude , absolute 
value  or modulus of the complex number its the length when thinking of it as a 
vector :  

If            then  | |  √      

| | is the distance between the point (   ) and the origin. 

Question  :  what are the main difference between the absolute value of 

real numbers and complex numbers. 

| |  √      

|     |   is the distance between the points representing the complex numbers          

.  When    , | |    usual absolute value in the real numbers system. from the 

point(     ) to the point (     ). 

Example:  

Compute the absolute value for each of the complex numbers :           ,        

. 

Solution: 

                  |  |  √    √                   
|  |  √    √   

|  |  √    |  |  √     

The distance between the points representing the complex numbers   and   

is given by |     |. 

|     |  √(     )
  (     )

  

https://www.intmath.com/complex-numbers/6-products-quotients.php
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Example: If               , find |     |

Solution:  

|     |  √(     )
  (     )

 

 √(   )  (   )  √      √   

Geometric Representation of  

1- Reflection on the real axis. 

2- Rotation of   

𝑥 

𝑦 (𝑥 𝑦) 

𝑧 plane 

𝑧  𝑥  𝑖𝑦 

𝑧̅  𝑥  𝑖𝑦 

Reflection 

𝜋    𝜃 
(𝑥 𝑦) 

𝜋/  

𝜃 

𝑦 

𝑥 

𝑧  𝑥  𝑖𝑦

𝑖𝑧  𝑖𝑥  𝑦 

𝑒𝜋    𝑖𝑒𝑖𝜃  𝑒𝑖(𝜃 𝜋   )  

If 𝑧 is non-zero then 𝑖𝑧 

𝑦 

( 𝑥  𝑦) 

(𝑥 𝑦) 

𝑥 𝑧  𝑥  𝑖𝑦 

 𝑧   𝑥  𝑖𝑦 

3- Inflection of 𝑧 
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Operations 

Operations in a comlpex plane 

𝑦 

(  𝑥 𝑦)
(𝑥 𝑦) 

𝑥 
𝑤-plane 

𝑥 
𝑧  𝑥  𝑖𝑦 

𝑤    𝑧    𝑥  𝑖𝑦 

4- Translation of 𝑧 



                     

1 

 المحاضرة الثالثت

رسم الاعداد العقديت ، جمعها طرحها بالرسم (1)

تطبيقاث القيمت المطلقت للاعداد العقديت (2)

Cartesian Coordinates 

        

It is natural to associate the complex number        with a point in the 

plane whose carteian coordinates are   and  . 

a) The number     isrepresented by the point      .  

b) The number   can also be thought of as the directed line segment, or vector, 

from the origin to the point      . 

Question:  How can one represent the complex number? 

Complex number may be represented either by a point in the plane, or as a 

vector starting from   to      . 

a) It also corresponds to a vector with those coordinates as its components. 

Question : Represent vectorially       

𝑥 

𝑦  𝑦  

 𝑥  𝑥   

𝑦  

𝑦  

𝑥  𝑥  

𝑧  

𝑧  

𝑧  𝑧  

  

𝑦 

𝑥 

 𝑥  𝑦   
𝑧  𝑧  

 𝑥  𝑦   

 𝑥 𝑦  
𝑦 

𝑧  

𝑧  

Complex Numbers
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NOTE: The addition of         is geometrically represented by the 

parallelogram law. 

Exercises 

1. Locate the numbers       and       vectorially, when: 

a)             
 

 
   

b)    ( √   )    (√   ) 

c)                     

d)                    

Solution 

a)                

      
 

 
         

 

 
   

b)    ( √   )    (√   ) 

    √           √   

   √             √    

              √   

c)                     
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d)   

                      

                            

                   

Question: Show that the complex numbers corresponding to the points on the

circle with center       and radius 3, satisfy the equation         and 

conversely. Or/ we refer to the set of points simply as the circle         

       

                            

 √                                                 

Question :  Plot        , if            ,  

           

         √        

            

Absolute Value 

                               

 |
  

  
|  

    

    
             

Conjugate of complex numbers : 

sum of the conjugate             ̅̅ ̅̅ ̅̅ ̅̅ ̅   ̅   ̅

 Subtraction  of the conjugate        ̅̅ ̅̅ ̅̅ ̅̅ ̅   ̅   ̅  

 Multiplication of the conjugate       ̅̅ ̅̅ ̅̅   ̅  ̅  

 Division of the conjugate    (
  

  
)

̅̅ ̅̅ ̅
 

  ̅̅ ̅

̅̅ ̅
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2. Show that  

a)           

b)         

c) 
      

    
   

d) |
    

√   
|  √        

Solution   

a)                   since    ̅̅    

                                             

b)             

c) 
      

    
   

      

    
 

       

    
 

    

    
 

    

    
   

d) |       √    |  √       , since                   

LH.S 

|       √    |          | √    | 

|√   |  √(√ )
 
       √    √  

         |(         )|                             

|(          )|  √              

                

R.H.S 

√        √              √             

 √ √              

                  

 𝒛  √𝒙𝟐  𝒚𝟐 
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المحاضرة الرابعة   

Polar Form or Trigonometric Form of  a Complex Number  

A complex number   , when written as  

                     

is said to be expressed in rectangular form
,also known as Cartesian coordinates .  

But is also may be expressed in polar form  

       

Geometrically,     is the distance of the point from the origin     or can be 

represent by ( ) .The number   ( or   ) is the length (or amplitude, modulus of the 

vector representing  ; that is, 

      √      √  ̅           ,          
 

 
  

Conjugate of a Complex Number  

  The conjugate z*  or     of a complex number z is obtained by changing the 

sign of the imaginary part of the number. 

Conjugate of         { }     { }       

Now mathematical operation of complex number : 

1. Addition                             

2. Subtraction                          

3. Multiplication                       

4. Division  
  

  
  

  

  
           

𝑦 

𝑧  𝑥  𝑖𝑦 

𝑥 

𝑌 

𝜃 

  

 𝑧  𝑟 

𝑋 

Complex Numbers
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5. Reciprocal 
 

 
 

 

 
    

6. Square root   √  √      ⁄  

7. Complex conjugate              

      √         9        

      √         9        

         √                         

Converting Polar Form into Rectangular Form, ( P→R ) 

(From Polar form to Rectangular form) 

           

However,      

                    

Therefore,  

                       

=                

=                    

=                   

Converting Rectangular Form into Polar Form R→P

(From Rectangular form to Polar form) 

                   

 Where     √               and           

   
        

    Hence ,                        

2022
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Multiplication in Polar Form 

              
 
     

Multiplying together 6  30
o
  and  8  – 45

o
  in polar form gives us: 

                                

Division in Polar Form 

  

  
 (

  

  
)       

  

  
 (

 

 
)                     

Polar Coordinates 

Let   and   be polar coordinates of the point       corresponding to a 

nonzero  complex number        

         Since,               ,         

                                                  

For example, 

    √ *   (
 

 
)      (

 

 
)+  √ [   (

   

 
)      (

   

 
)] 

The number   is called an argument of  , (also called, ' phase '  and ' angle') 

     is the directed angle measured from the positive 

 -axis to a point   and called (argument of z) and is 

denoted by :                         

Hence the angles will be measured in radian and 

positioned in the counterclockwise sense.      
 

 

𝑟 

𝑧  𝑥  𝑖𝑦 
𝑦 

𝜽 

  
𝑥 

 𝑥 𝑦  

2022
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1.                           

2.         ⁄                   

Question :  Find  the value of       )  

      *   
 

 
     

 

 
+               

    *   (  
 

 
)      (  

 

 
)+ 

      has an important applications in Optics   i.e. (circular polarization). 

Example: 

                                           ….PLOT!! 

Question  : Use Cartesian coordinate system representation of z , simplified the 

multiplication of two different complex numbers. 

                                               

                                   

                             √               

            ,                     √     

Then                        

 
   or                   

For the final results      ,  will be   :      

                 
 

 
             

  

𝑧  

𝑧  

𝑧 𝑧  

  

𝑧  

𝑧  

𝑧 𝑧  

𝑧 𝑧  

𝑖 𝑧 

2022
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 المحاضزة الخامسة :

لاسية العقذية وخىاصها مع امثلة .الذوال ا .1

.قىي الاعذاد العقذية مع امثلة  .2

 .جذور العذد العقذي مع أمثلة  .3

Exponential Function                          الذالة الاسية العقذية  

The polar form is          (          )  ,  

or  ,                  

Where     (          )  ,  is , and     (complex 

exponential function) 

NOTE: 

                                         ( 1)           
 (     ) 

                     (2)  
  

  
 

  

  
  (     ) 

Question : Relate trigonometric function with complex exponential function 

 الحقيقة  المثلثية الذوالو العقذية الاسيةالزبط بين الذوال 

Proof:                       

                ( )

                  ( ) 

Adding (1) and (2)   :                         
        

 

subtracting (1) and (2) 

               

2022

Complex Numbers



3 

Powers of complex numbers  

          (           )   , where (   )
 

      

      (          )                          

(           )     (                    )    

                                Where      

Roots of complex number    

 
 
   

 
 [   

     

 
     

     

 
]                

Example 

1. Solve the equation       , or in other words 

2. Find   for the equation   (  )
 

  

3. Find the third roots(  of the equation        

 

Solution 

       (  )
 
   

           √         

       (
 

 
)                    

                ( ) *   
   ( ) 

 
     

   ( ) 

 
+ 

 
 

 
                   

              

     [   
    

 
     

    

 
] 

                  

              

     [   
    

 
     

    

 
] 

2022
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The 3
rd

 root      was     (            ) 

Examples 

1. Find one value of    (  ) when  

 )   
  

   √ 
    )    

 

     
    )    (√   )

 
 

Solution:  

 )   
  

   √ 
   

  

   √ 
  
   √ 

   √ 
 

(  )(  √  )

   
 

 
    √  

 
  

 

 
 

 

 
√   

    
 

 
      

  
 

 
√             ( )       (

 

 
)       (

 
 ⁄ √ 

⁄
) 

        ( √ )             °    °     ° 

   )  
 

     
    

 

     
 

 

     
  

     

     
 

 (     )

   
 

       

 
 

                  
 

     
   

     

 
 

                      
 

     
   

   

 
 

 

 
 

 

 
  

  
 

 
 ,    

 

 
        (

   ⁄

⁄
)       (  )     °     °   

 

 
 

  

 
 

 )     (√   )
 
 

  √  

            (
 

 
)       ( 

 

√ 
)     ° 

2022
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          °        °     °     °    

2. Use the polar form to show that 

a)  (   √ )(√   )      √ ; 

b)   (   )      ; 

c) (    )    (   ); 

d) (   √ )
   

     (    √ ). 

Solution 

a)  (   √ )      √  √   

  √  

                          (
 

√ 
) 

           (√   )(√   )       √      √   

b)   (   )⁄  

  

   
 

  

   
 
   

   
 

     

   
 (

 (    )

 
      

c) (    )    (   ) 

L.H.S     (    )  

     

           (
 

 
)         (  )        °  

 

Then       °    °     °     ,                  
  

 
  

     
  

 
 

  

 
  

   
  
 

  
 

  
 
 
 
 

R.H.S                  

             ( )    
 

 
 

    °     °     ° 

Or,   
 

 
                

 

 
 

2022
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Roots:   (  √ )  ⁄  

d) 
 

  

   
 

          
 

         using scientific calculator 

   
      

}              

                      

     
 
   [   (

   ( ) 

 
)      (

   ( ) 

 
)]       [    ]                   

     
 
   [   (

    

 
)

⏟    
    °

     (
    

 
)]       [          ] 

                

     
 
   [(

    

 
)

⏟    
     °

     (
    

 
)]       [           ] 

                 

     
 
   [   (

    

 
)

⏟    
  

     (
    

 
)]       [     ]           

     
 
   [   (

    

 
)

⏟    
⁄         °

     (
    

 
)]       [           ]                  

     
 
   

[
 
 
 
 

    (
     

 
)

⏟     
 
 
      °

     (
     

 
)

]
 
 
 
 

      [          ]                 

     
 

   [   (
     

 
)⏟  

      °

     (
     

 
)]       [    ] 

         

     
 
   [   (

     

 
)

⏟     
    °

     (
     

 
)]

      [          ] 

2022
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Compute the solution! 
𝑧  (  𝑖)

 
  

𝑧  ( 𝑖)
 
  

Roots are then, 

   √  
(   √ )

√ 
 
(    √ )

√ 
 

Examples  

4. Find a value of      when      and     ; 

a)   
  

  
 b)     (       ) c)       

 

Solution : 

a)    
  

  
 

     

 
 (

  

  
)   (     ) 

Since,      ( )     (  )     (  )  

b)     (       ) 

           [   (  )     (  )]               

c)                                  

5. Find four roots of the equation        and use them to factor      into 

quadratic factors with real coefficient. 

       (     )(     )   

                   (   )
 
  

                     (  )
 

  

Roots 

Or,        
               
                 
                       

2022
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(       )(       )    

(       )    (       )      then complete the solution. 

Example: 

Let         and        , Find (in the form     ): 

a)      

b)  (     )
    

c)     ⁄      
d)      ⁄ . 

Solution:  

     (    )(    )               

(    )
  (     )       (  )( )      

       
       

 

           

(     )
  (    )                  

 

    
 
    

    
 

    

   
 

    

  
 

 

 
 

 

  
  

  

  
 

    

    
 
    

    
 

(    )(    )

     
 

        

     
 

      

  

  
 

  
 

  

  
  

2022

Complex Numbers



1 

 المحاضرة السادست : 

 التطبيقاث الفيزيائيت للاعداد والدوال العقديت .

 

Physical Applications

Wave Equation1. 

The mathematical representation of wave is given by         (     ) , 
Find the intensity    . 
Solution:  

          

   
             

        (          )  (     )
          

             (      )

                     | |                       

     ̅  | |                     

i.e.            | |     (     )      (     ) 

Since ,  

   (     )      (     )      (     )  (     )       

| |     ( )    

 | |          

Activity :   Find                  |     | for wave of the same phase of 

different amplitude. 

Complex Numbers
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Answer  : 

      

      (         ) 

      (         ) 

        (         )      (         ) 

      ,     (         )      (         )-  ,       
(    
     )      (         ) 

for wave of the same phase of different  amplitude ,  

(         )  (         )  (     ) 

Then ,  

       (     )

       (     ) 

      (     ) ,   (     )       (     )- 

      (     ) ,   (     )       (     )- 

|     |  (     ) 

For,       
      (     ) ,   .     /      .     /-

Now,  

|     | 

|     |  √(     )
 
    (     ) ( 

 
   )

     (     ) 

|     |  √(     )
 
*   

 
(     )     (     )+ 

Then ,    

2022
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then ,Capacitive , 

  
 

     
 

 

  (  )(  )
    ,    

   

  (  )(  )
            

(d) Impedence ,  =         

 =           ,   (   )      (    )-                

Hence,  

resistance =       and capacitivie reactance ,            
Since   

 

    
        then capacitive,    

 

     
 

   

  (  )(     )
         

 

Example :  

 An alternative voltage of 240V, 50Hz is connected across an impedance of           

(       )  . 

Determine  the : 
(a) resistance 

(b) capacitance 

(c) magnitude of the impedance and its phase angle and 

(d) current flowing  

Solution 

 Impedance   (       )    Hence  resistance =    . 

(a) Capacitive reactance          , and  Since 

   
 

    
 

then  capacitance ,  

  
 

     
 

 

  (  )(   )
 

   

  (  )(   )
            

(c ) Magnitude of impedance ,  

                               | |  √(  )  (    )           

Phase angle, or              .
    

  
/          

(b)Current flowing , 

2022
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                A 

 

Example : 

For the parallel circuit shown in Fig.,  

determine (,using complex numbers)the 

values of: 

(a) current    ,and  

(b) its phase relative to the 240V supply  

Solution 

 Current   
 

 
 .  

 Impedance      for the three-branch parallel circuit is given by : 

 

 
 
 

  
 
 

  
 
 

  

Where 

                                          and            

 Admittance ,        
 

  
 
 

    
 

 
 

    
 
    

    
 
    

     
 

                                                          siemens 

 Admittance ,    
 

  
 
 

  
 

                                      = 0.10 siemens 

 Admittance ,    
 

 
 

 

     
 

                                         
 

     
 
     

     
 
     

      
 

                                                       siemens 

2022
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Total admittance,                
                                        (            )  (    )  (              ) 
                                                      
                                                    siemens 

Current  ,          
 

 
     

                     I = (      ) (             )                      

I =                

3.Mechanics 

(a) Three coplanar forces  

Determine the 

 magnitude and  

 direction of the resultant of the three coplanar forces given below ,when they 

act at a point : 

Force A,     N  acting at     from the poisitive horizontal axis ,  

 Force B ,  8N    acting at     from the positive horizontal axis ,  

 Force C ,  15N  acting at     from the positive horizontal axis. 

Solution 

The space daigram is shown in the  figure .  

The forces may be written as complex numbers. 

Thus  

   force  A ,           
   , 

   force B ,            
  ,  

   force C ,            
 .  

 The resultant  force            

                                            

    (                )   (                  )      (                  )F 

             )  (            )  (           )                

                
Since 

2022
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                    lies in the second quadrant 

 Magnitude of resultant force  

   √(      )                

 

 Direction of resultant force  

      (
     

      
 )         

 since               ) lies in the second quadrant). 

Solving the harmonic oscillator  

A harmonic oscillator is governed by the equation  

                 ….(1) 
Where    is acceleration . 

This provides us with the differential equation 

   

   
 
 

 
                ( ) 

 We know that the solution of this equation can be written as sine and cosine :  

 ( )      (   )       (   )

Where    √  ⁄      , and the constants   A  and B  are chosen to match initial 

conditions. 

   For example if     ( )      and  ( )  .
  

  
/⌉
   

      , then  

             

An equivalent way to write this solution is to put 

     (      )) 

  And match initial conditons by adjusting the constants     and      . With the 

initial conditions chosen above .we would put 

. 

This is easy to see: 

   𝐴  𝑥   and  𝜙         

2022
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 (      )             ( ) 

   
       (      )             ( ) 

Substitute eq. (3), (2) in to (1) 

               

Then the solution satisfied  

   √  ⁄  

2022
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:المحاضرة السابعت 

الدوال العقديت  مع أمثلت تطبيقيت                     

الدوال العقديت 

       

  

   ( )   (   )    (   )  

The variable   is sometimes called an independent variable,   is called a

dependent variable. 

Example: 

If  ( )    , then find  ( ) if      
 (  )  (  )     

Example 

If     , then      (    )            , and the transformation 

is  

 ( )     (    ) 

 ( )             

              

Example:   
  Illustrate the function  

 ( )  √     ⏟    
 (   )

  (  )⏟  
 (   )

              (   )  √      

            (   )     

Elementary Functions 

1. Polynomial function are defined by 

     
     

                ( ) 

Where              are complex constants and   is a positive integer called 

the degree of the polynomial  ( ). 

Real part of f(z)  
Imaginary part of f(z) 

2022
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2. Rational Algebraic functions are defined by   
 ( )

 ( )

Where  ( )  ( ) are polynomials  ( )   . 

3. Exponential functions are defined by 

             (          ) 

Where            is the natural base of logarithms .If   is real 

and positive, we define:           (      )

Where       is the natural logarithm of  .

Proof 

                       

        

 (لوغاريتم الاساس مضروب في   الاسمرفوعت الى )  اسيتدالت * 

Complex exponential functions have properties similar to those of real 

exponential function. For example, 

                

   

   
        

4. Trigonometric functions (or circular functions)            etc. can be 

defined in terms of exponential functions as follows. 

                          

       (  )          (  )      (  )    

Complex Exponential function  

        , i     ,    

                                
              De'Moiver theorem 

2022
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   𝑖𝑧  𝑖    h 𝑧        𝑖𝑧     h 𝑧   

ta 𝑖𝑧  𝑖 ta h 𝑧

   h 𝑖𝑧  𝑖    𝑧     h 𝑖𝑧     𝑧   

ta h 𝑖𝑧  𝑖 ta 𝑧 

     
        

  
      

        

 
 

ta   
    

    
 

        

 (        )
 

  t   
    
      (        )        

 

                      ta           
     t         

    (  )                   (  )                  
ta (  )   ta   

   (     )                        

   (     )                        

 

5. Hyperbolic Functions are defined as follows  

   h   
      

 
    h   

      

 
 

   h   
 

   h  
 

 

      
    h   

 

   h  
 

 

      
 

ta h   
   h  

   h  
 

      

      
    h   

   h  

   h  
 

      

      
 

The following properties hold           

    h       h                ta       h       
   th        h      h(  )      h           h(  )     h    

ta h(  )   ta h   

    h(     )     h      h       h      h    
   h(     )     h      h       h      h    

 The following relations exist between the trigonometric or  circular 

functions and the hyperbolic functions. 
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Logarithmic Functions: 

If      , then we write      , called the natural logarithm of   

             

    (    )            

           (     )                    

Where             (     ) 

     is multiple-valued function. The principle branch of principle value of  

      is defined as: 

      ,      where        

 The logarithmic function can be defined for real bases other than  . If  

             

Where     and      . 

In this case          and so   (   )     )  

6. Inverse Trigonometric Functions  (     تعطى )  

If        , the          is called the inverse sine of  : or arc sine of  . 

          (multiple-valued function) 

           
 

 
  (   √    )               

 

 
  (  √    ) 

7. Inverse Hyperbolic functions(     تعطى )  

If     h  , the      h    is called the inverse  hyperbolic sine of  . 

     h     (multiple-valued function) 

       h      .  √    /        h      .  √    /    

Example 

1. Prove that: 

a)                

b) |  |     

c)                        
Solution  

a) By definition  

     (          )         where {
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          (            )     (            )         

(            )(            )           (     

)             (     ) 

b) |  |  |  (          )|  |  ||          | 

c) By part (a)  

                   (              )     

      is a period of the function ,In particular,    has period    . 

2. Find the value of   (   ). What is the principle value? 

Or, determine the Principle value of     (   ). 

      (    )         

                

   √  

           
 

 
 

      (   )    √   . 
 

 
    /  

 

 
    

  

 
       

The principle value is  (   )   .
 

 
    

  

 
 / 

a) Find the principle value of   . 

Solution  

          i i i              *     (     )+        (     )

   (     )*   (   )      (   )+ 

       

     th         *   (   )      (   )+

           i i i             , the principle value          ⁄  

Now ,  

Let                         
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Example :   (   )(    ) 

Method#1 

Let  ,   (   )(    ) 

    (    )   (   )   ,                 , 

             √                      
 

 
    

  (   )    √    
 

 
 

    (    )   (   )  (    ),  √    
 

 
- 

       √    
 

 
    √    

  

 
 

Th    aki g  h   xp     ial       h si  s …… 

Method#2 

  (   )(    )

   (    )  (   )   
(    ),  √    

 
 -      √    

 
     √     

 
  

   
.   √     

 

 
 /  (

 

 
    √  )

 

   
.   √     

 
 
 /

   (
 
 
    √  )

 

Make use of Euler's formula  

                   

Solve          (  )  (    )(        )               (   √    )(   )

(a)       

    (  )  ( ) 

         
 

 
    

 

 
  ,         

 

 
 

𝑙𝑛 𝑧  𝑙𝑛𝑟  𝑖𝜃 
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Then ,  

    (  ) 0 
 

 
1     

        

Taking exponential for both sides: 

                     

(b)  (    )(        ) 

  (    )(        )              [(    )(        )] 

     (         )  (    ) 

 

  (    )      

                                                        

  (    )    (    )           

         (    )                        

Then ,  

                    

                    

(    )(        )      [                      
] 

(    )(        )  (          )   (          )  

𝑤  𝑒 𝜋   

𝑙𝑛 𝑧  𝑙𝑛𝑟  𝑖𝜃 

(   𝑖)(       )           𝒊  

2022
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الذوال العقذيت  عن  ) أضافيت ( أمثلت                

Example 1 : Find the value of   (   ). What is the principle value? 

Or, determine the Principle value of     (   ). 

      (    )         

                      √  

          ( 
 

 
)     ( 

  

 
)     (                ) 

      (   )    √   ( 
 

 
    )

 
 

 
    

  

 
       

The principle value is  (   )   (
 

 
    

  

 
 )

Or , 

  (   )                       (   )                

Example 2: Find the value of       .

Solution  

             .    

 ، فاى  تاستخذام الحاسثح الُذوَح 

         

 ( Euler's formula ) َتن استخذام صُغح أوَلش  دالت اسيت عقذيت، والتٍ توثل       أها

               

      ( )      ( )             

     

𝑜𝑟 
 𝜋

 
 

  

(    )  

𝑥 

𝑦 

𝝅  𝟑 𝟏𝟒 

2022
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Example 3:  
سثق واى تن الاشاسج فٍ هحاظشاخ ساتقح تاى هٌاك :

 Power of               ,   is  integer number may be  positive or negative  

 Root of                  ,    is  integer and   positive . 
 

)سثق واى اػطٌُا ...   ي( أخش او دالح ػقذَح لؼذد ػقذٌ ( هشفىع ) او دالح ػقذَحػذد ػقذٌ الاى ارا كاى ) 

 :  الاهثلح التالُح (

 

      (   )        (    )      

Example 3 :   (   )(    )

Method#1 

Let  ,   (   )(    ) 

           (    )   (   )       …(1) 

           , 

             

  √         √     

        (  )⁄                    
 

 
   ,             .  

      (   )    √    
 

 
 

Or ,  

      (   )               

 ( ًجذ اى  1وتتؼىَط هزا الٌاتج فٍ الوؼادلح )

    (    )   (   )  (    )   √    
 

 
  

       √    
 

 
    √    

  

 
 

Then taking the exponential of both sides …… 
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Method#2 

  (   )(    ) 

   (    )   (   )             ( )   

   (    )   √    
 
 
   (    )               

                              
 

                                                  
 

                            باستخذام الحاسبت اليذويت لانها دالت حقيقيت 
 

 ، دالت اسيت عقذيتلاًها  ) formulaEuler's )صيغت اويلزتحسة تاستخذام 

 

                   

                           
 

 ساجغ الولاحظح الساتقح فٍ غشَقح اَجادها ، 

              

Example 4:   Evaluate    ( ) 

Solution  

Method#1: 

     تالوقاسًح هغ الوسالح ًجذ اى 

        
        

  
 

 

   
           

 (   iتعشب الثسػ والوقام ب ) 

Then ,  

      
  

 
           

𝑠𝑖𝑛 𝑧  𝑒𝑖𝑧  𝑒 𝑖𝑧
 𝑖
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      ( )  (
  

 
) [  ( )     ( )]  (

  

 
)           

 (  . الحاسبت اليذويتَوكي اَجاد قُوتها تاستخذام  دوال اسيت حقيقيت         ،     ) لاحظ اى 

              

    
 

  
 

 

     
       

      ( )  (
  

 
) [  ( )     ( )]  (

  

 
)                     

      ( )        

Example 5:   Evaluate     (   ) 

Solution  

 

 

    (   )  
 (   )   (   )

 
 

 

 
                 

    (   )  
 

 
      (          )       (          )              

    (   )              

Now, 

     (   )               

 

Activity   :   

1. Evaluate    ( ) 

2. Evaluate    (   ) 

3. Evaluate     ( ) 

4.               (   ) 

𝑠𝑖𝑛 𝑧  
𝑒𝑍  𝑒 𝑍
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 : ثامنـــت المحاضرة ال 

االدوال العقديت وتطبيقاته مشتقت 
 

Derivative of complex function were defined in terms of limit and the other in 

terms of  formulas ;  

 : طريقتينأي نغرض اٌجاد يشتقة انذانة انعقذٌة فاٌ هناك 

( والغاياث) الاونى هً استخذاو

 ( المشتقاثقىاعدانثانٍة استخذاو )

 اٌفً اٌجاد يشتقة انذوال فً حسابانًتبع سابقا نفس الاسهوب وهو 

 وكالاتً : نحقٍقٍة انتكايم وانتفاضم نهذوال ا

 

  (  )  
  

  
     

    

 (     )   (   )

  
 

Or,  

  

  
  

 
( )              1st derivative of   w  with respect to  z 

   

   
  

  
(  

 
)   

 
( )          2nd derivative of   w with respect to  z 

   

   
   

( )
( )            nth derivative of   w with respect to  z 

Rules for differentation  

   If  ( )  ( ) and  ( ) are " analytic " function of   the following 

differentation rules are valid : 

Complex Numbers
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1.  

  
, ( )   ( )-  

 

  
 ( )  

 

  
 ( ) 

 

                            ( )    ( ) 

2.  

  
, ( )   ( )-  

 

  
 ( )  

 

  
 ( ) 

                                                                         ( )    ( ) 

3.  

  
*  ( )+   

 

  
 ( )  ,                      is constant 

4. 
 

  
, ( ) ( )-   ( )

 

  
 ( )   ( )

 

  
 ( ) 

                   ( )  ( )   ( )  ( ) 

5.  

 

  
{
 ( )

 ( )
}  

 ( )
 
  

 ( )   ( )
 
  

 ( )

, ( )- 
 

                                    
 ( )  ( )  ( )  ( )

, ( )- 
  ,     if      ( )       

 وانجذول انتانً ٌوجز يشتقات اهى انذوال : 
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Example 1 : Find the 1
st
 derivative  for the function  

 ( )  ,  (    ) -  

 

  
,  (    ) -   ,  (    ) -

 

  
,  (    ) - 

                                           ,  (    ) -,   (    )    - 

At          , then  
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,  (    ) - 

  ,(   )  *(   )   + -  ,   *(   )   )   ( )+- 

                                

Example 2 : Find the 1
st
 derivative  for the function  

 ( )  0
(    )(   )

(    )
1            

Solution  

(    )(   )                       

 

  
0
(    )(   )

(    )
1  

 

  
0
        

(    )
1  

(    )(     ) (        )( )

(    ) 
 

Example 3 : Find the 1
st
 derivative  for the function ,  (    ) -  

 

  
,  (    ) -   *  (    ) +  ,   (    )(  )- 

Example 4 : Find the 1
st
 derivative  for the function  

 ( )  (   √ )  ⁄    

 

  
(   √ )

  ⁄
 

 

 
,(   √ )

    ⁄
-  .   .

 

 
/     ⁄ 1=……. 

Example 5 : Find    
 

  
(    )    

 

  
(    )

 
  

 
 
(    )

  ⁄
 

 
  

(    ) 

 

  
(    )    

 

 
(    )

  ⁄
 (  )     

Example 6 :   Find    
 

  
0
(    )(    

(    ) 
1          
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Example 7 : Find    1
st
 derivative for the function           

Let    ,             

    (   )    ( )        (    )  

 

 

  

  
     (

 
 
)  

  

  
        (

 
 
) 

  
  

  
              

 

  

  
  (      )    

Example 8 : Find   
  

  
   for  the function       

Let    ,           

      (  )         (   ) 

 

 

  

  
  (

 
 
)   

   

  
  (

 
 
)    

  
  

  
   

 

 
 (

 

 
) (  )        

Example 9 : Find   
  

  
 *   (    )   

  (    ) +  

Let    ,          (    )   
  (    )  

         (    )    *    (    )+ 

 

 

  

  
      (    )  

 

   (    )
    (    )      *   (    )  

 

  (    ) 
 ( )+ 
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Example 10 : Find   
 

  
   ,  

 

 
 √         -   

 

  
  [  

 

 
 √         ]  

 

   
 
  √        

   
 

  
,  

 

 
 √        - 

           
 

   
 
  √        

  ,  
 

 
(        )   ⁄ (    )- 

Example  11  : Find   
 

  
      (    )   ⁄    

 

  
      (    )   ⁄  

 

  ,(    )   ⁄ -
  

 

  
(    )   ⁄  

                      
 

  .
 

√    
/
 ( 

 

 
)(    )  

 

  ( ) 

 

Example 12   : Find   
 

  
      (         )   

       
 

  
      (         )  

  

√  (         ) 
 
 

  
 (         )  

Example  13  : Find   
 

  
     (   )  

 

  
     (   )      (   )   (   )( ) 

 

Example 14   : Find   
 

  
     

  
(   ) 

 

  
       (   )   

 

√  (   ) 
 

 

 

Activity   : Find   
 

  
  (    )                   

 

  
             

 

  
( ) 

 ماذا تستنتج !!!           9و 8،  7مع مثالقارن ثم 

 

  
  (    )    (    )      

 

  
(    )   (    )      (  ) 
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Complex Function Separation  

 

   المحاضرة 9 

 

Complex function        ( )   (   )     (   ) 

Example 1: Separate each of the following functions into real and 

imaginary parts , 

Find :       

               (   )        (   )  such that    ( )         

(a) ( )                                    ( )  ( )                                 

(b)    ( )                             ( )   ( )                                      

(c)  ( )                           ( )  ( )                                    

(d) ( )    
 

 
                          ( )   ( )                                  

(e)  ( )  
    

 
                            ( ) ( )                                            

(f)  ( )  
   

   
                             ( )  ( )        

(g) ( )  √                                ( )   ( )                                        

Solution  

(a)    ( )                 

  ( )           (   )       (   )                        

(b)    ( )            

 ( )  (    )         

                    ( )                                           
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 ( )  (     )   (     )

 

                      (   )              (   ) 

(c)    ( )               

 ( )   (    )    (    )      

                    ( )   [          ]                                    

 ( )                      

 ( )  (          )    (      ) 

 

                                        (   )                          (   )        

(d)    ( )    
 

 
                           ( )  ( )  

    

 
   

 Method#1 

     ( )  (    )  
 

(    )
 (    )  

 

(    )
 
    

    
 

  ( )    
 

 
        

    

     
 

 ( )    
 

     
  (  

 

     
) 

 (    )  [
 (     )  

     
]   [

 (     )  

     
] 

 

                                     (   )                        (   ) 

Method#2 

     ( )  (    )  
 

(    )
 
(    )   

(    )
 
            

    
 

  
 

 
   

(       )     

    
 
    

    
 

 ( )   

2022



Complex Function Separation 

3 

Method#3 

This problem can be sovled with the aid of complex conjugate of 

  , i.e. 

   ( )    
 

 
 

        ( )  
    

 
          ( )  

    

 
 
 ̅

̅
  

 ( )  
   ̅   ̅

  ̅
 
   ̅   ̅

| | 
 

Then substitute         in above equation …what about the 

result. Disucss!!. 

(f)    ( )  
   

   
           

 (    )  
  (    )

  (    )
 
(   )    
(   )    

 
(   )    )
(   )    )

 

                      
(   )(   )    (   )    (   )    

(   )    

                      
                     

(   )    
 

                     
           

(   )    
 
           

(   )    
 

             ( )  
       

(   )    
    

  

(   )    
 

   

                                 (   )                (   ) 

(g)    ( )  √  

                    (    )  (    )  ⁄  

Or in polar form  , since                 [          ] 

Then ,   
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   ⁄     ⁄ [   (
     

 
)      (

     

 
)] 

             √                     (  ⁄ ) 

            √     ⁄  (     )  ⁄ [   (
 

 
)      (

 

 
)] 

Where  

                   
 

 
 

                   
 

 
 

     √     ⁄     ⁄ *
 

  
  

 

  
+  

 

 √ 
[    ] 

        ⁄  
 

 (     )  ⁄
[    ]  

 

 (     )  ⁄
  

 

 (     )  ⁄
 

                                                                           (   )                 (   )

(h)  ( )      

Since ,                

 (   )      

 (   )    

Since  

  √                     (  ⁄ ) 

      (     )  ⁄         (  ⁄ ) 

    
 

 
  ((     )         (  ⁄ ) 

      (   )  
 

 
  ((     )     and         (   )       (  ⁄ ) 

2022
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                          (  )           (  )] 

      (   )         (  )     &          (   )         (  ) 

(j)  ( )     (  ) 

 (    )      (    )     (      ) 

                        (   )     (  )      (  )     (  ) 

           (  )     (   )     (  )     (  )     (  ) 

Where ,  

(k)  ( )     (  )

Method#1 

Let ,   ( )        

 (    )     (    ) 

ٍب تمام حاصل جمع زاٌَتٍه ، فان  باستخذام ج  

                   (    )         (  )         (  ) 

ثٍة ) جٍب ركروا سابقا فً مُضُع الذَال العقذٌة ، ان ٌىاك علاقة تربط بٍه الذَال المثل

 َجٍب تمام (  بالذَال السائذٌة ، اي 

Method#2 

 ( )      

كما ٌُ معلُم،  

بالمعادلة اعلاي ، وحصل على ،  عهَبالتعٌُض

     
 

 
(  (    )     (    ))  

 

 
[               ] 

𝑠𝑖𝑛(𝑖𝑦)  𝑖𝑠𝑖𝑛 𝑦

𝑐𝑜𝑠(𝑖𝑦)  𝑐𝑜𝑠 𝑦 

𝑐𝑜𝑠𝑧  
 

 
(𝑒𝑖𝑧  𝑒 𝑖𝑧) 

𝑠𝑖𝑛(𝑖𝑧)  𝒊𝑠𝑖𝑛 (𝑧) 
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[   (          )    (          )] 

             
 

 
[                               ] 

 الان وجمع الاجساء الحقٍقٍة مع بعضٍا َالخٍالٍة مع بعضٍا ، فتصبح ، 

         
 

 
[(               )   (              )] 

 واخز عامل مشترك بٍه الاجساء الحقٍقٍة َ الاجساء الخٍالٍة ،وحصل على  

     
 

 
[    (      )        (      )] 

 بما ان ، 

                                  َعلًٍ فان ،

(l)  ( )     

Let ,           

      (  )     ( ) 

        

Then ,  

   (    )  (    ) 

Since ,  

  ( )         

Or, 

  ( )    √            (  ⁄ ) 

   
(    )[

 
   ( 

    )        (  ⁄ )  

𝑠𝑖𝑛 𝑧  
 

 
(𝑒𝑦  𝑒 𝑦) 

𝑐𝑜𝑠 𝑧  
 

 
(𝑒𝑦  𝑒 𝑦) 
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   (     )        (  ⁄ )     [

 
 
  (     )        (  ⁄ )  

(m)  ( )        

 (    )  (    )   (    )  

                              (          )          

                                   [(          )]  [   (  )      (  )] 

         (     )    (  )       (     )   (  )]

      (   )    (  )     (   )   (  ) 
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Analytic (Cauchy –Remann Conditions) 

and Harmonic complex functions (Laplace Equation)  

 

   المحاضرة   10 

 ريمان -شروط كوشي

 ) معادلة لابلاس ( 

Previous lecture , 
Complex function        ( )   (   )     (   ) 

Complex function  to be analytic must satify Cauchy –

, that is :  Remann Conditions

  

  
 
  

  
 

  

  
  

  

  
 

Example 1: Does the function    ( )      analytic ?. 

Solution  

 ( )                   

     [          ]                   

     (   )                 (   )          

C-R-C's 
  

  
 
  

  
 

  

  
  

  

  
 

2022
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The conditons are satisfied the the function  ( )     is analtyic  

A complex function  to be harmonic  must satify Laplace 

, that is :  equation

   

   
 
   

   
                           

   

    
 
   

   
                                  

Or ,  

                         
  

   
 
  

   
       

The  ' operator '         is called " Laplacian"  . 

Example 2 : Does the function    ( )      harmonic ? 

Solution  

     (   )              (   )          

  

  
                

  

  
         

   

   
                   

   

   
         

  

  
             

  

  
          

   

   
                     

   

   
          

The conditons are satisfied the the function  ( )     is 

harmonic function .  

20221
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Example 3 : Does the function    ( )         analytic ,  

harmonic ? 

Solution  

 ( )                               

     (   )                  (   )              

  

  
                     

  

  
             

   

    
                        

   

   
            

  

  
                           

  

  
              

   

   
                        

   

   
             

The conditons are satisfied the the function  ( )       is 

analytic and harmonic function .  

Example 4 : Does the function  ( )      analytic ,  harmonic ? 

Note :      
 

  
         

    
 

Solution  

 ( )        (    ) 

    
 

 
  (     )         (  ⁄ ) 

  (   )  
 

 
  (     ) 

  

  
 
 

 
 

 

     
    

 

     
   

  

  
 
 

 
 

 

     
    

 

     
  

2022
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 (   )       (  ⁄ ) 

  

  
 

 

  (  ⁄ ) 
 (    )  

 

     
 

  

  
 

 

  (  ⁄ ) 
 (    ) 

Activity :  

Does the functions 

1.    ( )     ̅     analytic ,  harmonic ? 

2.    ( )  
 

 
          analytic ,  harmonic ? 

3.   ( )  
   

   
        analytic ,  harmonic ? 

4.  ( )              analytic ,  harmonic ? 

5.  ( )              analytic ,  harmonic? 

2022
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Complex  Power Series Expansion  
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 متسلسلة  تايلــر Taylor Series   متسلسلة ماكلوريـن (Maclaurin Series  )

 متسلسلة لورنت (Laurent Series  )

Taylor Series 

  Suppose that a function   is analytic throughout a circle  
|    |   , centered at    and with radius     . Then       has the 

power series representation. 

                          
      

  
        

     
        

  
        

    

Where ,  

                      

                                                                

                              

الى  تؤول تايلرمتسلسلة فان      : عنما تكون   ملاحظــة 

 . ماكلورينمتسلسلة 

Here some function expansion and convergent region: 

1.        
  

  
 

  

  
           | |    

2.        
  

  
 

  

  
                | |    

3.        
  

  
 

  

  
               | |    

4.         
  

  
 

  

  
             | |    

2022
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5.             
        

  
            | |     

is the binomial theorem  for             gives formula 8. 

6.                                                      

7.            
  

 
 

  

 
                           | |         

8. 
 

   
                                   | |    

9. 
 

   
                                    | |    

The first five expansion are valid for all z , whilst the last three are 

only valid for  | |   .  

Example 1     Expand              

Solution  

                              

      
 

   
                              

          
  

      
                          

               
        

      
                   

………..

……….. 

          
         

          
                          

                         
     

  
     

               
  

 
 

  

 
 

  

 
    

Example 2     Expand          
     

     
 

Solution  
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    ∑

      

    

 

   

  
     

     
 ∑

      

    

 

   

Example 3     Expand        
 

      
 

Solution  

     
 

      
 

     
 

      
                        

      
  

      
                     

      
 

      
                    

      
 

      
                                     | |    

 

Example 4     Expand        
 

   
 

Solution  

     
 

   
         

     
 

   
              

      
  

      
                     

      
 

      
                    

………..

……….. 

    
 

   
          



Complex  Power Series Expansion

2022

4 

Example 5   If  | |        expand        
 

   
 

Solution  

     
  

   
         

     
 

   
              

      
 

      
                    

      
 

      
                    

………..

……….. 

    
 

   
          

 

   
 ∑              | |     

 

   

Example 6     Expand                

Solution  

           
  

  
 

  

  
            

Then  

              
     

  
 

     

  
 

     

  
   

           
  

  
  

  

  
 

  

  
   

      (  
  

  
 

  

  
  )   (  

  

  
  ) 

                        "Euler  formula" 

Activity  :            

Is called the most beautiful equation in all of mathematics

 It is an identify that contains the most beautiful entities encountered in

math, namely    ,  ,  ,   and  . 

  It combines the real and the imaginary. 
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In mathematics,Euler's identity (also known as Euler's equation) is the equality 

        

where 

e      is Euler's number, the base of natural logarithms, 

i       is the imaginary unit, which by definition satisfies i
2
 = −1, and 

π      is pi,  the ratio of the circumference of a circle to its diameter. 

Euler's identity is a special case of Euler's formula, which states that for

any real number x, 

                 

where the inputs of the trigonometric functions sine and cosine are given 

in radians.  In particular, when        

                

Since 

        

and 

       

it follows that                                     

which yields Euler's identity     :                          

Activities  

         

        

|  |            

arg(                               

We know that                                            
  

  
  

                                         

             (
  

  
)       (

        

        
)                      

                      

https://en.wikipedia.org/wiki/List_of_things_named_after_Leonhard_Euler
https://en.wikipedia.org/wiki/Equality_(mathematics)
https://en.wikipedia.org/wiki/E_(mathematical_constant)
https://en.wikipedia.org/wiki/Natural_logarithm
https://en.wikipedia.org/wiki/Imaginary_unit
https://en.wikipedia.org/wiki/Pi
https://en.wikipedia.org/wiki/Ratio
https://en.wikipedia.org/wiki/Circle
https://en.wikipedia.org/wiki/Special_case
https://en.wikipedia.org/wiki/Euler%27s_formula
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Trigonometry
https://en.wikipedia.org/wiki/Radian
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       ̅̅̅   ̅  

  ln(                             

           

ln(    ⁄   
 

 
                        

Homework 

1. Expand the follwing function  

(a)               (d)               

(b)               ⁄  (e)                

(c)  
 

   
          

2.Show that :                
  

  
 

   

  
               | |    

3.Show that :            
  

 
 

  

 
 

  

 
           | |    

4.Show that :          
  

 
 

 

  
                      | |    ⁄  

5.Show that :        
 

 
 

 

 
 

   

   
                        | |    

6. Expand :                        

    

  The method of Laurent series expansions  is an important tool in complex 

analysis. Where a Taylor series   can only be used to 

describe the analytic part of a function, Laurent series 

allows us to work around the singularities of a complex 

function. To do this, we need to determine the 

singularities of the function and can then construct 

several concentric rings with the same center    based on 

those singularities and obtain a unique Laurent series of   -    inside each ring where 

the function is analytic.  In other words,  

     If a function fails to be analytic at a point    , one can not apply 

Taylor's theorem at that point.Unlike the Taylor series which express    

) as a series of terms with non-negative powers of   , a Laurent series

includes terms with negative powers. 
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Laurent's Series 

    

  The method of Laurent series expansions  is an important tool in complex analysis. 

Where a Taylor series   can only be used to describe the analytic part of a function, 

Laurent series allows us to work around the singularities of a complex function. To do 

this, we need to determine the singularities of the function and can then construct several

concentric rings with the same center    based on 

those singularities and obtain a unique Laurent series of   -    inside each ring where the 

function is analytic.  In other words,  

     If a function fails to be analytic at a point    , one can not apply Taylor's

theorem at that point.Unlike the Taylor series which express    ) as a 

series of terms with non-negative powers of   , a Laurent series includes 

terms with negative powers. 

Theorem  

  Suppose  that a function      is analytic throughout an annular 

domain    |    |     centered at    and let   denote any 

poisitive orientated simple closed contour 

around      and lying in that domain . Then, 

     ∑         
  ∑

  

      
 

 

   

 

   

 

 

 



Complex  Power Series Expansion

2022

8 

وكلاهما تالاتجاي الموجة      و     التً وصف قطرها او الداخلٍح (الخارجٍح )مذٍط الدائرج      تمثل

. وعلى التوالً وعكش عقرب الضاعح 

 ملاحظــة : 

تالجزء التذلٍلً مه متضلضلح                            ٌضمى الجزء     .1

لوروت والجزء الثاوً   
  

      
 

  

       
 تالجزء الاصاصً .     

متضلضلح لوروت ) صفرا( فان متضلضلح لوروت تصثخ    اذا كان الجزء الاصاس ) الرئٍضً ( مه .2

 " متضلضلح تاٌلر ".

Example 6   If  | |        expand        
 

   
  using Laurent  series 

Ans.   
 

   
  ∑  

 
           | |      

   

     
 

   
 

 

 (
 

 
  )

  
 

 (  
 

 
)
   

 

 
)( 

 

(  
 

 
)
  

 

   
   

 

 
    

 

 
 

 

  
  

 

 
 

 

  
 

 

  
    

 

   
   

 

 
 

 

  
 

 

  
     

Here      
 

   
  is ana;lytic everywhere apart from the singularity at     . 

Above are the expansions of    in the regions inside and outside the circle of 

radius  1, centered on      , where  | |     is the region inside the circle and 

| |     is the region outside the circle. 

 

Example 7     Expand  
   

      
                    

Solution  

Let  ,                                     

    
   

      
 

     

  
 

  

  
         

  

  
      

     

  
         

   

      
  

  

      
 

   

      
 

   

   
 

   

 
 

        

 
         

 مه الرتثح الثالثح . ( pole)   هو قطة      ٍث ان د
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Example 8     Expand  
 

        
                    

Solution  

Let  ,                                 

 

        
 

 

        
 

 

        ⁄   
 

 
 

   
       (

 

 
  )  

        

  
(
 

 
  )

 

 
            

  
(
 

 
  )

 

    

    
 

        
 

 

   
 

 

   
 

 

  
 

  

   
   

  
 

        
 

 

       
 

 

       
 

 

  
 

  

   
   

 مه الرتثح الثاثٍح . ( pole)   هو قطة      ٍث ان د

Example 9    Let       
 

   
   .Determine the Laurent series around     

Solution 

  Obviously, we have a simple pole at     . Hence, we are dealing with a radius of   and 

want  to find the Laurent series for both |     |            |    |     The Laurent series 

will reduce to a Taylor series inside |    |     where  ( ) is analytic. 

   For  |     |   , we refer to the well-known geometric series. We begin by trying to 

create a        term in the denominator. 

     
 

   
 

 

       
 

 

       
  

 

 
 

 

  (
      

 )

Since |
      

 
|   , we can now represent the function as a series: 

        
 

 
∑

       

  

 

   

 ∑
           

    

 

   

         |   |    

Which is just a Taylor series as the function is analytic inside the region. For   |    |    , 

we can use 
 

 |    |
  and follow our previous work to obtain: 

     
 

       
 

 

   

 

    
  

   
    

 
 

   
∑
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In this case ,we have obtained the Laurent expansion.The generalized residue for the outer 

ring  |   |      is the coefficient of   
 

   
  , that is       . 

 

Example 10    Expand       
 

          
   as Laurent series when: 

(a)   | |    

(b)  | |    

(c)   |   |    

(d) | |    

Solution 

  Using partial fractions  

 

          
 

 

   
 

 

   
 

             

      

       

     

              ⁄  

     ⁄  

 

 

          
 

 

 
(

 

   
)  

 

 
 

 

   
  

(a)   | |     , then 

 

 
(

 

   
)  

 

     
 
  

 
 

  
   

 

 
 

 

  
 

 

  
    

   
 

  
 

 

   
 

 

   
 

 

   
   

(b) | |     , then 

 

 
(

 

   
)  

 

    
 
  

 
 

 
   

 

 
 

  

 
 

  

  
    

 

 
(

 

   
)   

 

 
 

 

  
 

  

  
 

  

   
   

| |فان مفكوك لورنت صحيح لكل منوعليه         | | | | اي ان        ينتج بالطرح وهو :    
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(c)     |   |    

      Let  ,         , then  

 

          
 

 

      
 

 
       ⁄  

 
 
  

   
 
 

 
  

 
 

  

 
    

  
 

          
  

 

      
 

 

 
 

 

 
      

 

  
         

  |   |                    | |               

(d) If  | |     , then  

      
 

      
 

 

      
 

 

 
             

                                 
 

 
 

 

 
  

 

 
   

 

 
     

| |   اذا كان   (  a، وجد مه الفرع )        

 

 
(

 

   
)   

 

 
 

 

  
 

  

  
 

  

   
   

| |وتالتالً فان مفكوك لوروت المطلوب والصذٍخ لكل مه         ،| | | |، اي ان         ٌىتج       

 تالطرح :

  
 

 
 

  

 
 

  

  
   

  

  
     

 وهً متضلضلح تاٌلر .

 

Example 11!!    Determine the Laurent series  for            
 

     
   that 

are valid in the regions: 

(a) | |    

(b) | |    

NOTE :  

     
 

    
 

 
 
       ,            

 

 (  
 

 
)
    

Example 12!!    Determine the Laurent series  for       
 

      
  ;       

 

 



Complex  Power Series Expansion

2022

12 

Homework 

1. Expand the follwing function  

(a)  
 

√    
          (d)                         

(b)    
 

√    
          

 

√    
   

 
 
   

      
      

   
         
         

   

(e))       
 

   
                           

(a)| |   

(b) | |    

(c)       

 

 
 

      

      

  

 
 

         

         

  

 
            | |    

Ans. 

(a)
  

 
 

 

 
 

  

 
 

  

  
    

(b) 
  

 
 

 

  
 

 

  
 

  

  
      

2.Expand : 

 

          
      as Laurent series for , 

(a) | |        ,      | |       , (c) | |      ,    |   |            |   |    

Ans. 

(a)    
  

 
  

   

 
 

  

 
 

    

  
      

(b) 
 

  
 

 

 
   

 

 
  

 

 
   

 

 
        

(c) 
  

 
 

 

  
 

 

  
 

  

  
    

(d) 
  

   
 

 

      
 

 

      
      

(e)   
 

     
 

 

     
 

 

      
 

 

      
 

 

      
      

3.Expand :                
 

      
      ;       | |         | |    

4.Expand :              
 

    
      ;          |   |    

5.Expand :            
 

      
      ;            | |          | |     

6.Expand the following functions as Laurent series around        

(a)      
      

 
         ,  [ Ans.   
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(b)      
   

  
               ,  [ Ans.   

 

  
 

 

 
 

 

  
 

  

  
 

  

  
 

  

  
   

(c)           √     ,                                

7. State the singular points for the functions : 

(a)  
 

          
   ,      

 

    ⁄     
  ,                 ,    

 

    ⁄    
 

                        ,    ( f)   
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(Cauchy's integral ) 

From "  Calculus "  , the integration say for example  

∫  ( )  
 

 
   ,                                              

 ∫  ( )  
 

 
   ,                                            

 ∫ (      )   (          )  
   

   
   ,   

ذكاملاخ خطٕح " َلاتذ ان ذُخذ علاقح . ٌزي خمٕعا "   َ    ّ  ٌىا انركامم ٔرضمه دَال معرمذج عه

 ، عهّ سثٕم انمثال :      مع      ذشتظ     

1.                                     

2.                                  

تما     اَ   حٕث وعُض عه     مثاششج اَ قٕمح     ٔرم اعطاء قٕم       ففٓ انحانح الاَنّ

 ٔسأٍَا فررحُل انمعادنح تذلانح تعذ َاحذ ، أما :

          

         

، ٔرم ذحذٔذ " وقطران " فٓ انسُال ضمه انمعطٕاخ َمه خلال انقٕمرٕه ٔرم أداد  انحانح انثاوٕح

    ح انخظ انمسرقٕم َاتداد انمٕم َكالاذٓ :نعه طشٔقح معاد   أَ     قٕمح أما  

Along the striagt line joining the points (    )   (   )  

(    )ٌُ انمسرقٕم انُاصم تٕه انىقطرٕه      تحٕث ٔكُن    ، أْ       (   )  



Complex Integrals

2022

2 

Real part of line 

integral 
Imaginary part of line 

integral 

        
     

     
 

   

   
 

 

 
   

    

 + وقطح ( ، مه معادنح ) مٕم 

       (     )

    ( )(   ) 

                 

 

 Complex line integralالحكاملات الخطٍة العقذٌــة     

Previous lecture , 
Complex function        ( )   (   )     (   )

Since ,          

Let ,                                 ,or                  

∫  ( )   
 

∫ (    )(      )
 

    ∫  ( )   
 

∫     ∫      
 

∫      
 

∫    
  

 

 

Example 1   Evaluate the integral  ∫ (      )                 (   )

(   )

Solution  

∫ (      )      

(   )

(   )

∫ (      )(      )   

(   )

(   )
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 ∫      ∫         

(   )

(   )

∫        ∫       

(   )

(   )

(   )

(   )

   

(   )

(   )

                     

          

Substitute in integration equation  

∫ (      )      ∫     ∫          

 

 

∫        ∫       

 

 

 

 

   

 

 

(   )

(   )

 
  

 
|
 

 

 
    

 
|
 

 

    |   
   

 
|
 

 

∫ (      )      (
 

 
 

 

 
)  (

    

 

(   )

(   )

 
  

 
)   (       (

   

 
 

 

 
) 

∫ (      )      
   

 

(   )

(   )

  
  

 
 

َانزْ ٔسمّ  " َسٕطا "   كذَال تمرغٕش َاحذ نىقم        َ    : ٔمكه انرعثٕش عه انمرغٕشٔه   ملاحظة

 كما مُضح فٓ انمثال انرانٓ .    َ    تٕه انمرغٕش  

Example 2   Evaluate the integral  ∫       
 

 where C is striaght 

line joining the points   (   )  (   ) ,where         ( )   ( )    ( ) 

Solution  

                                     (    )        "straight line equation" 

        
     

     
 

   

   
 

 

 
 

  
 

 
 

    
 

 
(   ) 



Complex Integrals

2022

4 

     
 

 
         

 ) حسة ماَسد فٓ انسُال ( َعهًٕ ٔمكه ان وفرشض :     ٌما دانرٕه نهمرغٕش      ،      َمه انُاضح ان

Let ,                  then           

                ( )                           

            

Or ,  

   (   )   

Now ,  

∫      ∫(     )  (   )  

 

 

 

 

                    (   )∫(           )  

 

 

                    (   )∫(        )  

 

 

   

∫      (   ) [   
 

 
   ]|

 

 

 (   )(   
 

 
) 

 

∫      
 

 
  

  

 
 

 

Activity : 

If we choose    
 

 
               … continue  

Example 3   Evaluate the integral  ∫       
 

 where path equation   is 

         ( )                          
Solution 

 ( )       
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∫       

 

 ∫(     )(     )                     

 

 

                         
(     ) 

 
    

 
(   )

 
   

 
  

 
 

∫       

 

 
  

 
 

 

 
  

Cauchy-Goursat theoremكوسسات    –وظشٌة كوشً 

دالة جحلٍلٍة فً كل  ( ) او ارا كاوث    على حذودها وكزلك   دالة جحلٍلٍة فً مىطقة ما   ( ) لحكه  

 فان :     بسٍط   وقطة على وداخل  مىحىً مغلق 

∮  ( )    

 

 

Example 4   If     is a circle | |      , prove that  ∮
  

   
    

 

Solution 

 ( )  
  

   
            

 

اط ، اْ ان انذانح ذحهٕهٕح ندمٕع انىق ذمثم وقطح اَ قطة ) شار (    

 خاسجٍا ذقع ) ولا        فٓ انمسرُِ انعقذْ عذا انىقطح

| |انذائشج   . انركامم ذساَْ صفش (  َعهًٕ فان قٕمح     

 ملاحظــة 
 

:  انذانح انعقذٔح ٌٓ   
 

   
 . كما مُضح فٓ انسؤال      
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Example 5   If     is  | |      , evaluate   ∫
 

   
   

Solution 

∫
 

   
    , not define at          not in   : | |      , hence      

∫
 

   
     

Example 6   Find the integral ∮
  

(   ) (    ) 
   where       is     | |      ,  

Solution 

 ( )  
 

(   ) (    )
    

(   )           

                          

  انذانح ذحهٕهٕح فٓ خمٕع وقاط انمسرُِ انعقذْ عذا انىقاطارن 

                         

 .صفش  جساويقٍمة الحكامل  َعهًٕ فانخاسج المىطقة َخمٕعٍا 

 (  Morera's Theoremوظشٌة موسٌشا    )     

 سٔمان َذىص عهّ الاذٓ :  –ٌَٓ عكس وظشٔح كُشٓ 

ٌُ مىحىٓ تسٕظ مغهق     حٕث        ( ) ∮َان     دانح مسرمشج فٓ انمىطقح   (z) اود  كأرا 

 .        دانح ذحهٕهٕح فٓ انمىطقح  ( ) عىذئز ذكُن  

 (  Louvelli's Theorem)       لٍوقٍلوظشٌة 

فٓ انمسرُِ انعقذْ  عىذئز    (   َمحذدج نكم قٕم   Entire functionدانح كهٕح )     (z) ارا كاود  

|( ) |دانح ذحهٕهٕح محذدج اْ ان   (z) دانح ثاترح اَ تعثاسج اخشِ ، افشض ان  (z) ذكُن    )  

 ٔدة ان ذكُن ثاترح .  (z) فٓ انمسرُِ انعقذْ انشامم ، ٔىرح رنك ان       ندمٕع قٕم   نثاتد ما  

 (  integral formulas Cauchy's )  صٍغ كوشً الحكاملٍة 

 ٔمكه ذقسٕمٍا انّ قسمٕه ٌما : 

(   Simple poleراخ انقطة انثسٕظ )  (1)

  (   Multipole  poleراخ انقطة انمرعذد )  (2)
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َانحشكح عكس    اْ وقطح داخم     َداخهٍا َان    انثسٕظ   حىٓ عهّ انمى ذحهٕهٕح   (z) ارا كاود  

 عقشب انساعح ) ذكُن مُخثح ( فان : 

(1) ∮
 ( )

(    )
       ( )

 

(2) ∮
 ( )

(    )      
   

  
  ( )

 

   
 

   
∫

 ( )

(    )
   

            (           )

 

   
 

   
∫

 ( )

(    )
    

            (         )

 

Example 7   Evalute  ∮
  

(   )
              | |   

 

Solution  

     

∮
  

(   )
       (

 

  ) 

 ( )=         (  )          

∮
  

(   )
     

 

    

Example 8   Evalute  ∮
    

(   )
              | |   

 
   

 ( )                      (   )      (  ) 

∮
    

(   )
         (  )      

 

Example 9   Evalute  ∮
  

  
              | |   

 
   

 ( )                   (   )   ( )           

∮
  

  
      (  )     

 

Example 10   Evalute  
 

   
∮

  

   
                    ( ) | |      ( )  | |   

 
   

( ) | |    

              ( )       (  )      
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   ∮
  

   
      (  )

 

   
 

   
    (  )     

 

( ) | |    

 ، فان       وحسب نظرية كوشي كورسات 

 

                                ∮
  

   
    

 

ُِ انعقذْ ماعذا ذحهٕهٕح فٓ خمٕع انمىاطق نهمسر    لان انذانح  

| |ىٓ حمىنَانرٓ ذقع خاسج ا            . 

 

Example 11   Evalute  ∮
     

    ⁄
                      | |   

 

Solution  

     ⁄      ( )        

  ( )      (  ⁄ )  (
 

 
)
 

 
 

  
 

∮
    

 

   (   ⁄ )
  

 

    (
 
  

)  
 

  
  

Example 12   Evalute  ∮
             

(   )(   )
                      | |   

 

Solution  
 

(   )(   )
 

 

   
 

 

   
 

 

   
 

 

   
 

∮
             

(   )(   )
   ∮

             

(   )
   ∮

             

(   )
  

 ( )                                  

 (  )      ( )
 
     ( )

 
  

 (  )      ( )
 
     ( )

 
   



Complex Integrals

2022

9 

Then,  

∮
             

(   )(   )
       (    )      

 

 .     داخم انمىحىٓ         ،          لان  

Example 13   Evalute  ∮
    

(   ) 
   

 

Solution 

Since   

∮
 ( )

(    )
   

   
   

  
  (  )

 

∮
 ( )

(    )
   

   
   

  
   (  )

 

           ( )(  )                                

                         
                

∮
    

(   ) 
   

   

       
       

 

   

  

Example 13   Evalute  ∮
  

(   ) 
     

 
where       is a circle   | |    

Solution  

 ( )                          

∮
 ( )

(    )
   

   
   

  
  (  )

 

 ( )( )             ( )(  )   ( )(  )       
 

    ∮
   

(   ) 
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Example 14   Evalute  ∮
   

  
     

 
where       is a circle   | |    

Solution  

                         ( )        

  ( )            ( )             (  )    ( )     

∮
   

  
   

   

   
(  )     

 

∮
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Complex Integration with Residue  

 

   المحاضرة  13    

، فان       نقطة شاذة معزولة للدالة       وداخلها وان  Cدالة تحليلية على الدائرة       نفرض ان  

هو :      مفكوك  متسلسلة لورنت للدالة 

 

     ∑         
  

                (1) 

                         
     

   

    

 
   

      
    

   
 

   
∮

    

      
    

                                             (2) 

 ( ، 2المعادلة )فان        كاوت  عىدما

    
 

   
∮     
 

      

له  فانوعليه           ويسمز له     عىد الىقطة     ( زاسب الدالة    يسمى )   

  لرلك يكون                ، 

∮     
 

                     

 فان :     عىد الىقطة   قطب مه الستبة       كرلك اذا كان للدالة 

          
 

      
       

    

     
{          

 } 

 

 

 

 

 

 



Complex Integrals 

2022

2 

Example 1   Evaluate the integral  ∮
        

      
  

 
  where   is a circle    

|   |      in positive direction. 

Solution 

      القطب من الرتبة الثالثـة    

          
 

      
       

    

     
{          

 } 

          
 

 
      

  

   
{      

        

      
} 

          
 

 
      

  

   
{        }  

 

 
 

∮
        

      
  

 

                  
 

 
    

∮
        

      
  

 

    

Example 2   Use the residue theorem to find  ∮
  

           
  where    

| |      . 

Solution 

              

| |ويقعان داخل الدائرة        تمثلان قطبين بسيطين للدالة        . 

     
 

          
 

1.         

               {     
 

          
}  

 

 
 

2.          

                 {     
 

          
}  

  

 
 

∮
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∮
  

           

    [
 

 
  

 

 
]    

∮
  

           

   

Example 3   Find the residue of function      
     

            
  . 

Solution 

                                  

                                  

                                                     

 

1. Residue at           

          
 

      
       

    

     
{          

 } 

          
 

  
       

 

  
{     

 
 

     

            
} 

                {
(    )       (     )    

(    )
 

}   
  

  
 

2. Residue at           

          
 

      
       

    

     
{          

 } 

          
 

  
       

 

  
{       

     

                  
} 
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3. Residue at            

 

          
 

  
        

 

  
{       

     

                  
} 

          
     

             
 

   

  
 

 

Example 4   Evaluate  
 

   
∮

   

            
    where C is a circle  

| |      . 

Solution 

     
   

           
 

                                  

                 قطب مه الستبة الثاوية

1.                   
 

  
      

 

  
{   

   

           
} 

 

                              {
(       )                  

           
} 

          
   

 
 

2. Residue at              

                     {{        }  
   

  {        }{        }
} 

            
        

       
 

 

  
 

        

 
 

3. Residue at              

                     {{        }  
   

  {        }{        }
} 
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 ،  مجموع السواسب 

∮
   

            

       

                                                                [
   

 
 

        

 
 

        

 
]     

    ∮
   

  (       ) 
      [

   

 
 

   

 
    ]   

 ، اي ان 

 

   
∮

   

            

   
 

 
      

 

 
        

 


